


Preface

The purpose of this work is to describe the variational sequence formulated
on finite order jet prolongations of fibered manifolds. We find the represen-
tation of the variational sequence by differential forms generally defined on
some higher order jet prolongation of the fibered manifold in question. The
findings can be applied to global problems in the calculus of variations such
as the inverse problem and variational triviality problem.
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Conventions

Indices and multiindices. The latin indices i, j and their versions with
subscripts run through and are summed over from 1 to n unless explicitly
specified otherwise. The greek indices σ, ν and their versions with subscripts
run through and are summed over from 1 to m unless explicitly specified
otherwise.

We use multiindices I = j1 . . . jp, we denote by |I| the integer p, and
call it the length of the multiindex I. We admit multiindices of length zero.
For multiindices, we reserve the capital letters I, J and their versions with
subscripts.

We use Einstein summation convention, where possible or unless other-
wise specified. In order to avoid as much combinatorics in the formulas as
possible we shall use the summation over multiindices which is taken over
all possible values of the indices. If, for some reason, we want to restrict the
summations only to nondecreasingly ordered multiindices, we simply mul-
tiply each term in the summation over the multiindex J = j1 . . . jk by the
number of different ordered k-tuples arising by permuting the set j1, . . . , jk,
i.e.

k!
p1! . . . pn!

,

where the integers pi denote the number of integers i, contained in the k-
tuple j1, . . . , jk. The reverse transition from nondecreasingly ordered multi-
indices to arbitrary multiindices is, of course, also possible.

When we want to indicate that the indices j1 . . . jq are symmetrized,
antisymmetrized or nondecreasingly ordered, we write (j1 . . . jq), [j1 . . . jq]
and {j1 . . . jq} respectively.
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vi Conventions

Geometric structures. We consider manifolds of class C∞ (smooth). The
basic geometric structure used is the fibered manifold, denoted by π : Y →X
and its r-jet prolongation, denoted by JrY . By definition, we set J0Y = Y .
The natural jet projections will be denoted πr : JrY →X, πr,s : JrY → JsY
for r > s. The dimension of the manifold X will be n, the dimension of the
manifold Y will be (m+ n).

A (local) section of the fibered manifold π : Y →X, denoted by γ can
be prolonged and its r-jet prolongation is denoted by Jrγ. If α : Y →Y ′ is
a projectable mapping with projection α0 : X→X ′ of the fibered manifold
π : Y →X to the fibered manifold π′ : Y ′→X ′, its prolongation is denoted
by Jrα : JrY → JrY ′.

The tangent bundle to a manifold X will be denoted by TX. Let Z be
another manifold and f : X→Z a smooth mapping. The tangent mapping
will be denoted by Tf : TX→TZ. The cotangent bundle to a manifold X
will be denoted by T ∗X. The qth exterior power of the bundle T ∗X will be
denoted by ΛqT ∗X. Le π : Y →X be a fibered manifold, W ⊂ Y an open set
and let W r = (πr,0)−1W . We denote by Ωr

0W the ring of functions on W r.
We further denote by Ωr

qW the Ωr
0-module of local sections W r→ΛqT ∗JrW

of the vector bundle ΛqT ∗JrY .

Geometric operations. We shall use the following notations for standard
differential geometric operations.

– The contraction of a differential form ρ by a vector field ξ shall be
denoted by ξ y ρ.

– The exterior product of a differential form ρ and a differential form
η shall be denoted by ρ ∧ η.

– The exterior derivative of a differential form ρ shall be denoted by
d ρ.

– The Lie derivative of a differential form ρ with respect to the vector
field ξ shall be denoted by Lξρ.

Local expressions. When considering local expressions on fibered mani-
folds, we shall always use charts adapted to the fibered structure π : Y →X.
Such a fibered chart will be denoted by (V, ψ), ψ = (xi, yσ). On the r-jet pro-
longation of the fibered manifold Y , we always refer to the associated fibered
chart (V r, ψr), where ψr = (xi, yσJ ) for |J | ≤ r. Such a fibered chart can be
canonically constructed from a given fibered chart on Y . When a second
fibered chart is needed, we shall denote it by (V̄ r, ψ̄r), where ψ̄r = (x̄i, ȳσJ )
for |J | ≤ r. We shall say that two such charts overlap if V ∩ V̄ 6= ∅.



Conventions vii

Components of vector fields and differential forms in bases. A vec-
tor field ξ on JrY shall be written in components

ξ = ξi
∂

∂xi
+ ΞσJ

∂

∂yσJ
.

We shall use the symbol

∂Jσ =
∂

∂yσ(J)

for the symmetrized basis vector fields. For a generic differential q-form
ρ ∈ Ωr

qW defined on an open set W r = (πr,0)−1W , where W ⊂ Y is some
open set, we shall write, locally

ρ =
q∑
s=0

P J1...Js
σ1...σs is+1...iq

d yσ1
J1
∧ . . . ∧ d yσs

Js
∧ dxis+1 ∧ . . . ∧ dxiq .

The coefficients P J1...Js
σ1...σs is+1...iq

∈ Ωr
0W are smooth functions on the r-jet

prolongation of the fibered manifold Y . They have the obvious symmetry
properties

– antisymmetry in the multiindices of the type Jp

σp
,

– antisymmetry in the indices il.





Chapter I

Introduction

We follow some developments in the calculus of variations in recent
years and try to capture the ideas that have arisen and are rele-
vant to our considerations. Then we focus our attention on the
differences between the variational sequence and the variational
bicomplex. Finally, we discuss how the present text is sectioned
and what the reader can expect in each chapter.

The recapitulation of results. It is of great importance, both for physi-
cists and for mathematicians, to study the Euler–Lagrange formalism in the
calculus of variations. An appropriate mathematical setting for the precise
formulation appears to be the calculus of real-valued differential forms on jet
prolongations of a fibered manifold π : Y →X. The Lagrangians are usually
considered as horizontal forms of degree equal to the dimension n = dimX
of the base manifold X, the equations of motion as differential forms of
a degree higher which are one-contact. Such forms are called dynamical.
We are especially interested in problems concerning the characterization of
the kernel and image of the Euler–Lagrange mapping, i.e. the mapping that
maps Lagrangians to their corresponding equations of motion.

The key observation, first to appear in the works of Lepage and Dedecker,
relates the Euler–Lagrange mapping to the exterior derivative of differential
forms. This idea led Krupka to the concept of Lepage forms in field theory
[23, 26] and later to the variational sequence [34, 37, 36]. This sequence is
constructed as the quotient sequence of the well-known de Rham sequence
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2 I. Introduction

of differential forms which is induced by exterior differentiation and defined
on a fixed and finite jet prolongation of a fibered manifold. The base of
the fibered manifold can be one-dimensional, this case covers mechanics, or
more-dimensional, then we talk about field theory.

The quotient sequence is constructed by means of contact forms (for the
degree of the form less or equal to the dimension of the base manifold) and
strongly contact forms (for the degree of the form greater than the dimension
of the base manifold). The representation of the variational sequence is a
mapping whose kernel is exactly the before mentioned quotient sequence.
By specifying such a mapping, we obtain the variational sequence from the
de Rham sequence by means of a factorization with respect to this mapping.
This gives an equivalent description of the variational sequence, moreover,
there are some practical advantages to the latter approach, since the objects
involved are differential forms, not classes. It is also more in spirit with the
applications of the theory.

The representation mapping was constructed by generalizing some tech-
niques taken from the theory of variational bicomplexes, namely the theory
of formal (total) differential operators as presented in [3, 4]. There were
some previous results in this direction using coordinate calculations. The
case of higher order mechanics is considered in [62]. The representatives in
terms of differential forms for the terms of the variational sequence relevant
to the calculus of variations, i.e. the Lagrangian, the dynamical form and
their predecessor and successor in the sequence, were given in [50] for higher
order mechanics and in [43] for field theory. The problem of local recon-
struction of the classes in higher order mechanics, i.e. the inverse mapping
to the representation, was addressed in [20] and published in [51]. The fact
that the local expressions given by [50] and [43] indeed assemble into well
defined differential forms was proved in [21].

The global results concerning the variational sequence are most conve-
niently formulated in the language of sheaves, we consider germs of differen-
tial forms on the (fibered) manifold Y . The obstructions allowing to go from
local properties of the variational sequence to global properties are given by
the de Rham cohomology groups of the manifold Y with coefficients in the
constant sheaf R. The local results specify the classes as special polynomials
in higher jet variables.

The variational sequence and the variational bicomplex. There ex-
ists a slightly different approach to the problem at hand using the variational
bicomplex [3, 4, 7, 45, 57, 64, 65, 66]. The variational bicomplex is defined
on the infinite jet prolongation of the fibered manifold π : Y →X, denoted
by J∞. The set J∞Y is usually considered with the structure of an infinite
dimensional Fréchet manifold, i.e. an infinite dimensional manifold modelled



I. Introduction 3

on a locally convex complete metrizable topological vector space E. In this
case, E is the product space of symmetric p-linear mappings Symp(Rn,Rm)
of Rn into Rm, for all integers p ≥ 0, considered with the topology of pro-
jective limit of the system Rn, Rm, Sym1(Rn,Rm), Sym2(Rn,Rm), . . . with
respect to the natural projections. The module of differential q-forms on
J∞Y , constructed by means of the inverse limit with respect to the jet
projections π∞,r : J∞Y → JrY and denoted by ∆q, can be canonically de-
composed into the direct sum of submodules of contact and horizontal forms
(compare with (III.3)) denoted by ∆a,b, a + b = q. The exterior derivative
d admits a decomposition into its horizontal and vertical components ac-
cordingly (compare with (III.25,III.26)). The double complex (∆a,b,dH,dC)
is called the variational bicomplex . We can construct the commutative dia-
gram in Figure 1 with locally exact rows and columns.

...
...

...
...

...

0 // ∆0,2

dC

OO

dH // ∆1,2

dC

OO

dH // · · · dH // ∆n−1,2
dH //

dC

OO

∆n,2

dC

OO

// E2
//

OO

0

0 // ∆0,1

dC

OO

− dH // ∆1,1

dC

OO

− dH // · · ·− dH // ∆n−1,1

dC

OO

− dH // ∆n,1

dC

OO

// E1
//

OO

0

0 // R // ∆0,0
dH //

dC

OO

∆1,0

dC

OO

// · · · dH // ∆n−1,0

dC

OO

dH // ∆n,0

dC

OO

// E0
//

OO

0

0 // R // Λ0TX
d //

(π∞)∗

OO

Λ1TX

(π∞)∗

OO

d // · · · d // Λn−1TX

(π∞)∗

OO

d // ΛnTX

(π∞)∗

OO

d // 0

OO

0

OO

0

OO

0

OO

0

OO

Figure 1. The variational bicomplex

In every other row, the horizontal component dH is taken with the minus
sign in order to ensure commutativity from the condition dH dC = −dC dH

of Proposition (III.8). The Euler–Lagrange mapping in the context of the
variational bicomplex is the mapping E0→E1, the Helmholtz–Sonin map-
ping the mapping E1→E2. It is also possible to consider finite order vari-
ational bicomplexes using pullbacks by πr+2,r and Proposition III.8. The
general setting for finite order variational bicomplexes is discussed in [67].

The theory on finite order jet spaces keeps the order of operations fixed,
except when one considers the representation mapping. Thus, the raising of
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order by means of the Euler–Lagrange mapping is interpreted as the repre-
sentation of classes of differential forms on JrY by differential forms defined
on some higher jet prolongation JsY , s > r. This uncovers the analytic
structure of the various mappings. The representatives of the classes have
also a specific algebraic structure. They are polynomial in fiber variables
yσJ , |J | > r as can be seen from the formula (V.29) and formulas (V.30,V.31)
or the general formula (IV.18).

We shall conclude this paragraph with some remarks concerning the
remaining open problems. An important point to make concerns the possi-
bility of generalization of the variational sequence. In principle, one could
take another subsequence of the de Rham sequence of differential forms, and
by forming a quotient sequence, obtain some different sequence.

There remains an important open problem, namely, the problem of (lo-
cally) reconstructing the class from a given representative. The problem
was solved in the case of mechanics (see [20, 51]). The explicit calculations
for field theory leading to such a result are exceedingly tedious, but the
main idea is as follows. For the horizontalization h of classes of n-forms the
problem was explicitly solved in [36]. We assume that the class Ωr

qW/Θ
r
qW

is given in some fibered chart by a representative which doesn’t contain
anything from the quotient Θr

qW , i.e.

ρ =
q∑
s=0

PK1...Ks
σ1...σs is+1...iq

d yσ1
K1
∧ . . . ∧ d yσs

Ks
∧ dxis+1 ∧ . . . ∧ dxiq ,

where |Ks| = r and moreover, the systems PK1...Ks
σ1...σs is+1...iq

are traceless with
respect to all possible combinations of latin indices, in order to take into
account the formula (III.17). We apply h (resp. I) to the previous expression
and obtain polynomials in the jet variables yσJ , r < |J | ≤ r + 1 (resp.
r < |J | ≤ 2r + 1). Clearly, we can obtain the original traceless systems
PK1...Ks
σ1...σs is+1...iq

by means of a differentiation process with respect to these jet
variables yσJ , |J | > r.

Another interesting question appears to be the connection of the varia-
tional sequence with Lepage forms and their generalizations. This question
is intimately connected with the decomposition (IV.12).

The contents of chapters. Chapter II contains standard material taken
mainly from [40] with minor changes in notation. It was prepended mainly
for relative completeness of the work. This is true also for the beginning of
Chapter III. The results are therefore given without proofs since these can
be found in [40]. Section 3 of Chapter III is mostly original. We consider
the splitting of the pullback of the exterior derivative into horizontal and
contact components and define the formal derivative of differential forms.
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Chapter IV is based on [4] but we consider the theory for finite prolon-
gations of fibered manifolds. Thus, we need to precisely explain all concepts
and also have to modify the formulations and proofs of main theorems. The
first section in Chapter V is standard, parts of the second section containing
the concept of the variational sequence are taken from [34]. The rest of the
chapter about the representation of the variational sequence is original and
was submitted to [22].





Chapter II

Fibered Manifolds and
Their Prolongations

We introduce fibered manifolds and their prolongations. These are
the underlying spaces in the geometric description of the calculus
of variations. The projection mapping allows us to define the
concept of horizontal forms and vertical vector fields. We define
the prolongations of projectable vector fields by prolonging their
local one-parameter groups. The material of this chapter is taken
from [40] up to minor corrections and notational changes.

1. Fibered Manifolds

1.1. Fibered manifolds. The triple (Y, π,X) is called a fibered manifold
if Y and X are smooth manifolds and the mapping π : Y →X is a surjective
submersion. The smooth manifold X is called the base, the smooth mani-
fold Y the total space and the mapping π : Y →X is called the projection.
When the projection π is clear from the context we shall denote the fibered
manifold (Y, π,X) simply by Y .

Since the tangent mapping Tyπ : TyY →Tπ(y)X is surjective at each point
y ∈ Y there exist a chart (V, ψ), ψ = (ui, yσ) at the point y ∈ Y and a chart
(U,ϕ), ϕ = (xi), U = π(V ) at the point x = π(y) such that xiπ = ui,
i.e. adapted to the projection π. By a slight abuse of notation we can

7



8 II. Fibered Manifolds and Their Prolongations

identify the coordinates xi and ui and call (V, ψ), ψ = (xi, yσ) a fibered
chart . The chart (U,ϕ), ϕ = (xi) on X is determined uniquely and is
said to be associated with the fibered chart (V, ψ). When using expressions
involving coordinates throughout this work we shall always be using this
chart. The mapping γ : U→Y , where U ⊂ X is an open set, is called a

JrY

πr,0

��

Y

π

��

X

γ

[[
Jrγ

@@

Figure 1. Fibered manifolds and their sections

section of the fibered manifold π : Y →X if π ◦ γ = idU . The situation is
depicted in the Figure 1. In fibered coordinates the section γ is given by
equations of the form ui ◦ γ = xi and yσ ◦ γ = yσ(xi).

1.2. Morphisms and compositions of fibered manifolds. Let Y (resp.
Ȳ ) be a fibered manifold with base X (resp. X̄) and projection π (resp. π̄).
A mapping α : Y → Ȳ is called a fibered morphism or simply morphism of Y
into Ȳ if there exists a mapping α0 : X→ X̄ such that π̄ ◦ α = α0 ◦ π as in
the Figure 2. If α0 exists then it is unique and is called the projection of the

Y

π

��

α // Ȳ

π̄
��

X α0

// X̄

Figure 2. Fibered morphisms

fibered morphism α. A fibered morphism which is at the same time a diffeo-
morphism is called a fibered isomorphism or simply isomorphism. By a local
isomorphism of the fibered manifold we mean an isomorphism α : W →Y ,
where W ⊂ Y is open. The local description of a fibered morphism follows

(II.1) x̄i = x̄i(xj), ȳσ = ȳσ(xj , yν).

Let π : Z→X and τ : Y →Z be fibered manifolds. The fibered manifold
π ◦ τ : Y →X given by composition of the surjective submersions π and τ is
called a composite fibered manifold.
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1.3. Vertical vectors, projectable vector fields, horizontal forms.
Let π : Y →X be a fibered manifold. Consider in particular the composite
fibered manifold TY →TX→X. The tangent bundle TY →Y of the fibered
manifold Y has the subbundle V Y = kerTπ, which is called the vertical
bundle of Y , is elements are called vertical vectors.

A differential q-form ρ is said to be π-horizontal or simply horizontal if
ξ y ρ = 0 for every π-vertical vector ξ ∈ TY . Thus, by definition, the bundle
of horizontal 1-forms V ∗Y →Y is the bundle dual to the vertical tangent
bundle V Y →Y . In fibered coordinates the vector field Ξ

(II.2) Ξ = ξi
∂

∂xi
+ Ξσ

∂

∂yσ

is vertical if and only if ξi = 0. A differential q-form

(II.3) ρ = Ai1...iq dxi1 ∧ . . . ∧ dxiq+

+
q∑

k=1

Bσk+1...σq i1...ik d yσ1 ∧ . . . ∧ d yσk ∧ dxik+1 ∧ . . . ∧ dxiq

is horizontal if and only if Bσk+1...σq i1...ik = 0 for all possible collections of
indices σ1, . . . , σk and ik+1, . . . , iq, where 1 ≤ k ≤ q.

A vector field Ξ on Y is said to be π-projectable, or simply projectable,
if there exists a vector field ξ on the base X such that

(II.4) Tπ · Ξ = ξ ◦ π
as in Figure 3. If ξ exists, it is unique, and is called the π-projection or

Y
Ξ //

π

��

TY

Tπ
��

X
ξ

// TX

Figure 3. Projectable vector fields

simply projection of Ξ.
If αt is the local one-parameter group of Ξ, then it is readily seen that

Ξ is π-projectable if and only if each point y ∈ Y has a neighborhood
W such that αt : W →Y is a local isomorphism of Y for sufficiently small
parameters t.

In fibered coordinates a π-projectable vector field Ξ on Y is expressed
by

(II.5) Ξ = ξi(xj)
∂

∂xi
+ Ξσ(xj , yν)

∂

∂yσ
.



10 II. Fibered Manifolds and Their Prolongations

2. Jet prolongations of fibered manifolds

2.1. Jet prolongations of fibered manifolds. Let y ∈ Y and let Γ(x,y)

be the set of all smooth sections γ defined at the point x ∈ X, such that
γ(x) = y. The binary relation γ1 ∼ γ2 if there exists a fibered chart at the
point y such that

(II.6)
∂k(yσγ1ϕ

−1)(ϕ(x))
∂xi1 . . . ∂xik

=
∂k(yσγ2ϕ

−1)(ϕ(x))
∂xi1 . . . ∂xik

for all k ∈ {0, . . . , r}, is an equivalence on the set Γ(x,y). The equivalence
class containing the section γ is called an r-jet with source x and target y
or the r-jet of γ at x, and is denoted Jrxγ. We denote by JrY the set of
r-jets of all sections γ with sources in X and targets in Y . The canonical jet
projections are mappings πr,s (resp. πr) of JrY onto JsY , where 0 ≤ s < r
(resp. of JrY onto X) defined by πr,s(Jrxγ) = Jsxγ (resp. πr(Jrxγ) = x).

Now we shall introduce the smooth structure on JrY associated with
the smooth structure of Y . The associated fibered chart (V r, ψr), ψ =
(xi, yσ, yσj1 , . . . , y

σ
j1...jr

) on JrY is defined by the two conditions

(i) V r = (πr,0)−1(V ),

(ii) if Jrxγ ∈ V r, then

(II.7) yσi1...ik(Jrxγ) =
∂k(yσγϕ−1)(ϕ(x))

∂xi1 . . . ∂xik
,

where k ∈ {0, . . . , r}.

We shall make extensive use of notation involving multiindices of the form
I = (i1 . . . ik). The integer k = |I| will be called the length of the multiin-
dex I.

Let (V , ψ) from this point onward be another fibered chart on Y such
that V ∩ V 6= 0, the transformation formula in recurrent form is given by
applying the chain rule to the formula (II.7)

(II.8) yσi1...ik =
∂k(yσψ−1 ◦ ψγϕ−1 ◦ ϕϕ−1)(ϕ(x))

∂xi1 . . . ∂xik
,

From the chain rule it follows that the coordinate transformation defined in
(II.8) is smooth. If the fibered charts (V, ψ) form a smooth atlas on Y , then
the associated fibered charts (V r, ψr) define a smooth atlas on the set JrY
which generates the smooth structure on JrY thus making JrY a smooth
manifold of dimension

dim JrY = n+m+ nm+m
(
n+1

2

)
+m

(
n+r−1

r

)
= n+m

(
n+r
n

)
.

The canonical projections πr,s : JrY → JsY and πr : JrY →X are smooth
and the triples (JrY, πr,s, JsY ), where 0 ≤ s < r and (JrY, πr, X) are fibered
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manifolds. For the above defined fibered manifolds, the concepts of pro-
jectable and vertical vector fields as well as horizontal forms are defined
analogously as in 1.3.

2.2. Horizontalization of differential forms. We introduce an exterior
algebra morphism related to the structure of the jet prolongations of fibered
manifolds.

Let ρ be a differential q form on JrY . There exists one and only one
πr-horizontal q-form h ρ on Jr+1Y such that

(II.9) Jrγ∗ρ = Jr+1γ∗ h ρ.

The existence of h ρ follows from the definition of the pull-back of differential
forms: Let W ⊂ Y be an open set. If q = 0 then ρ = f is, by definition, a
function on JrY and at each point Jr+1

x γ ∈ (πr+1,0)−1(W )

(II.10) h f(Jr+1
x γ) = f(Jrxγ).

If 1 ≤ q, then for any point Jr+1
x γ ∈ (πr+1,0)−1(W ) and any q-tuple of

tangent vectors Ξ1, . . . ,Ξq ∈ TJr
xγJ

rY

h ρ(Jr+1
x γ)(Ξ1, . . . ,Ξq) = ρ(Jrxγ)(TxJ

rγ ·Tπr+1 ·Ξ1, . . . , TxJ
rγ ·Tπr+1 ·Ξq).

Uniqueness follows from writing h down in local coordinates.
Let W ⊂ Y be an open set. We denote by Ωr

0W the ring of functions on
W r = (πr,0)−1(W ). The Ωr

0W -module of differential q-forms on W r will be
denoted by Ωr

qW . The exterior algebra of forms on W r will be denoted by
ΩrW .

The horizontalization h can be seen as the morphism of exterior alge-
bras locally induced by horizontalizations of functions and their exterior
derivatives.

Theorem II.1. Let W ⊂ Y be an open set. The horizontalization h: ΩrW 3
ρ→h ρ ∈ Ωr+1W is the unique R-linear, exterior product preserving map-
ping such that for any function f : W r→R and any fibered chart (V, ψ)

(II.11) h f = f ◦ πr+1,r, h(d f) = Di f dxi,

where

(II.12) Di f =
∂f

∂xi
+

r∑
|J |=0

∂f

∂yσJ
yσJi.

Proof. The proof can be done in local coordinates and can be found in
[40]. �
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The function (II.12) Di f : W r+1→R is called the formal derivative with
respect to the coordinate xi. Note that the function Di f is affine in the
fibered coordinates yσJ , where |J | = r + 1.

2.3. The horizontalization of tangent vectors. A vector bundle mor-
phism is introduced, acting on the tangent spaces to the jet prolongations of
fibered manifolds. This vector bundle morphism is induced by the structure
of the jet prolongations.

We assign to every tangent vector Ξ ∈ TJr+1
x γJ

r+1Y a tangent vector
hΞ ∈ TJr

xγJ
rY by the formula

(II.13) hΞ = TxJ
rγ ◦ Tπr+1 · Ξ,

where hΞ is independent of the choice of γ.

Jr+1Y

��

TJr+1Y

��

Tπr+1

��

JrY

��

TJrY

��

...

��

...

��

Y

��

TY

��

X

γ

CC

Jrγ

YY

TX

TJrγ

GG

Figure 4. The horizontalization of vector fields

The mapping h is a vector bundle morphism over the jet projection
πr+1,r and is called πr+1-horizontalization or simply horizontalization. A
tangent vector Ξ is πr+1-vertical if and only if hΞ = 0.

Using the complementary construction we define

(II.14) p Ξ = Tπr+1,r · Ξ− hΞ

and call p Ξ the contact component of Ξ. Clearly p Ξ is a πr-vertical vector
and Ξ is πr+1,r-vertical if and only if hΞ = 0 and pΞ = 0.

We shall find the expressions for hΞ and pΞ in fibered coordinates.

(II.15) Ξ = ξi
∂

∂xi
+

r+1∑
|I|=0

ΞσI
∂

∂yσI
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and

(II.16) Tπr+1 · Ξ = ξi
∂

∂xi
.

Using the identities

(II.17)
∂(xj ◦ Jrγ)

∂xi
= δji and

∂yσI ◦ Jrγ
∂xi

= yσIi ◦ Jr+1γ

we obtain

(II.18) hΞ = ξj

 ∂

∂xj
+

r∑
|I|=0

yσIj
∂

∂yσI

 .

We readily observe other properties of the mappings h and p. Let Ξ ∈
TJr+2

x γJ
r+2Y be a tangent vector. Then

h hΞ = TxJ
rγ ◦ Tπr+2 · Ξ(II.19)

p hΞ = 0(II.20)

h pΞ = 0(II.21)

p pΞ = Tπr+2,r · Ξ− hhΞ.(II.22)

Remark 1. We may pose the question whether the operations h and p
make sense for vector fields. The answer is affirmative, although we need
the concept of a vector field along a map. Let Y , Z be manifolds and
f : Y →Z a smooth map. A vector field along the map f is defined as the
map Ξ: Y →TZ so that the diagram in Figure 5 commutes (p denotes the
canonical foot projection).

TZ

p

��

Y
f

//

Ξ
=={{{{{{{{
Z

Figure 5. Vector field along a map

Indeed, let Ξ be a vector field on Jr+1Y . Then hΞ and pΞ are vector
fields along the natural projection πr+1,r : Jr+1Y → JrY .

3. Jet prolongations of projectable
vector fields

3.1. Jet prolongations of local isomorphisms. Let W ⊂ Y be an
open set. Let α : W →Y be a local isomorphism of Y , W0 = π(W ), and
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α0 : W0→X the projection of α. Let W r = (πr,0)−1(W ). We define a local
isomorphism Jrα : W r→ JrY of JrY by

(II.23) Jrα(Jrxγ) = Jrα0(x)α ◦ γ ◦ α
−1
0 .

Jrα is called the r-jet prolongation of α. The prolongations of local iso-

W r Jrα //

��

JrY

��

W
α // Y

W0

Jrγ

@@

γ

OO

X
α−1

0oo

α◦γ◦α−1
0

OO
Jrα◦γ◦α−1

0

hh

Figure 6. Prolongations of local isomorphisms

morphisms α and β have the following properties

Jrα ◦ Jrγ ◦ α−1
0 = Jrαγα−1

0 ,(II.24)

πr ◦ Jrα = α0 ◦ πr,(II.25)

πr,s ◦ Jrα = Jsα ◦ πr,s,(II.26)

Jrα ◦ Jrβ = Jr(α ◦ β).(II.27)

We describe the r-jet prolongation of a local isomorphism α in fibered coor-
dinates. We assume that α : W →Y is expressed in a fibered chart (V, ψ),
ψ = (xi, yσ), by equations

(II.28) x̂i = xiα = f i(xj), ŷσ = yσα = gσ(xj , yν).

The image Jrα(Jrxγ) has the coordinates

xi ◦ Jrα(Jrxγ) = xi ◦ (Jrα0(x)αγα
−1
0 ) = xi ◦ α0(x) = f i(xj),(II.29)

yσ ◦ Jrα(Jrxγ) = yσ ◦ (Jrα0(x)αγα
−1
0 ) = yσ ◦ α(γ(x)) = gσ(xj , yν),(II.30)

yσI ◦ Jrα(Jrxγ) = yσJ ◦ (Jrα0(x)αγα
−1
0 ) =

∂kyσ(αγα−1
0 )ϕ−1(ϕα0(x))

∂x̂i1 . . . x̂ik
(II.31)

=
∂kŷσγα−1

0 ϕ−1(x̂j)
∂x̂i1 . . . x̂ik

(II.32)

and we obtain a recurrent formula. If the rules for l < r are already given
by

(II.33) yσI J
rα = gσJ (xj , yνJ), |I| ≤ l, 0 ≤ |J | ≤ |I|,

then the chart expression of Jrα is given by

(II.34) yσIjJ
rα = Di g

σ
J (xj , yνJ)

∂xi

∂x̂j
, 0 ≤ |I| ≤ r − 1,
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3.2. Jet prolongations of projectable vector fields. Let Ξ be a π-
projectable vector field on Y , ξ its π-projection, αt the local one-parameter
group of Ξ and Jrαt the r-jet prolongation of αt. For every point Jrxγ ∈
dom Jrαt we define

(II.35) JrΞ(Jrxγ) =
[

d
d t
Jrαt(Jrxγ)

]
t=0

.

The vector field JrΞ on JrY is called the r-jet prolongation of Ξ. It follows
from the definition that JrΞ is πr-projectable (resp. πr,s-projectable, for
r > s) and its πr-projection is ξ (resp. JsΞ). The description of the local
structure of jet prolongations of projectable vector fields is presented in the
following lemma.

Lemma II.2. Let Ξ be a π-projectable vector field on Y and let Ξ be ex-
pressed in fibered coordinates by

(II.36) Ξ = ξi
∂

∂xi
+ Ξσ

∂

∂yσ
.

Then

(II.37) JrΞ = ξi
∂

∂xi
+

r∑
|I|=0

ΞσI
∂

∂yσI
,

where the components ΞσI are determined by the recurrent formula

(II.38) ΞσIi = Di ΞσI − yσIj
∂ξj

∂xi
.

The following Lemma concerns the Lie bracket operation on r-jet pro-
longations of projectable vector fields and the Lie derivatives by such vector
fields.

Lemma II.3. Let Ξ and Υ be two π-projectable vector fields on Y , ρ a dif-
ferential form on JrY .

(a) The Lie bracket [JrΞ, JrΥ] is also π-projectable and

(II.39) Jr[Ξ,Υ] = [JrΞ, JrΥ].

(b) For the Lie derivative of ρ it holds

(II.40) LJr+1Ξ h ρ = hLJrΞρ.

Lemma II.4. Let Ξ and Υ be two π-projectable vector fields on Y such that
Ξ ◦ γ = Υ ◦ γ for a section γ of Y . Then

(II.41) JrΞ ◦ Jrγ = JrΥ ◦ Jrγ.





Chapter III

Contact Forms

We develop the canonical decomposition of differential forms on
the r-jet prolongations of fibered manifolds. This decomposition
allows to decompose the natural pull-back of a differential form
to the (r + 1)-jet prolongation of the fibered manifold into its
contact components of different degrees of contactness and to de-
compose the natural pull-back to the (r + 2)-jet prolongation of
the fibered manifold of the exterior derivative of a differential form
into its horizontal and contact components. For our purposes we
introduce the concept of formal derivatives of differential forms
by means of the afore mentioned decomposition. Otherwise, this
chapter is the recapitulation of some results obtained in [40] which
are relevant to our considerations.

1. The canonical decomposition of forms

1.1. The canonical decomposition of forms on jet bundles. Let
W ⊂ Y be an open set and let us consider the horizontalization of vec-
tors h: TJr+1Y →TJrY defined in the previous chapter. The mapping
h induces a decomposition of each of the modules of q-forms Ωr

qW . Let
ρ ∈ Ωr

qW be a q-form and let Ξ1, . . . ,Ξq be a q-tuple of vectors at a point
Jr+1
x γ ∈W r+1. For each l ∈ {1, . . . , q} we write

(III.1) Tπr+1,r · Ξl = hΞl + pΞl.

17
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Since

(πr+1,r)∗ρ(Jr+1
x γ)(Ξ1, . . . ,Ξq) = ρ(Jrxγ)(Tπ

r+1,r · Ξ1, . . . , Tπ
r+1,rΞq),

we can collect the terms homogeneous of degree (q − k) in the horizontal
components hΞ1, . . . ,hΞq and obtain a q-form on W r+1 defined by

(III.2) pk ρ(J
r+1
x γ)(Ξ1, . . . ,Ξq) =

= 1
k!(q−k)!ε

l1...lklk+1...lqρ(Jrxγ)(pΞl1 , . . . ,pΞlk ,hΞlk+1
, . . . ,hΞlq).

The form pk ρ is called the k-contact component of the form ρ. Notice
that the mapping p0 ρ coincides with the πr-horizontalization h ρ defined in
(II.9) and that we can extend the definition of h to functions by defining for
f ∈ Ωr

0W , h f = f ◦ πr+1,r. The following formula for ρ ∈ Ωr
qW is at hand.

(III.3) (πr+1,r)∗ρ =
q∑

k=0

pk ρ.

This formula will be referred to as the canonical decomposition of the form ρ.
The mappings pk : Ωr

qW →Ωr+1
q W are linear over the ring of functions

but they are not morphisms of exterior algebras of forms. One can derive
their behavior with respect to the exterior product by means of the formula

(III.4) (πr+1,r)∗(ρ ∧ η) = (πr+1,r)∗ρ ∧ (πr+1,r)∗η.

If we denote pk Ωr
qW the image of Ωr

qW in Ωr+1
q W , we get the direct sum

of submodules

(III.5) (πr+1,r)∗Ωr
qW = hΩr

qW ⊕ p1 Ωr
qW ⊕ · · · ⊕ pq Ωr

qW.

1.2. Contact forms. A q-form is called contact if h ρ = 0. A function
f ∈ Ωr

0W is contact if and only if f = 0. The form ρ is called k-contact if
(πr+1,r)∗ρ = pk ρ or equivalently if pl ρ = 0 for every l 6= k. The integer k is
called the degree of contactness of the form ρ. We say that ρ is of the order
of contactness k if pl ρ = 0 for 0 ≤ l ≤ k − 1.

Lemma III.1. Let W ⊂ Y be an open set. The q-form ρ ∈ Ωr
qW is contact

if and only if

(III.6) Jrγ∗ρ = 0

for every smooth section γ of Y defined on W . The form ρ is πr-horizontal if
and only if pl ρ = 0 for 1 ≤ l ≤ q. Each of the forms pl ρ, where 1 ≤ l ≤ q,
is contact.

If q ≥ 1 and ρ ∈ Ωr
qW is a contact form, then by (III.6), d ρ is also a

contact form, and, for any p-form η ∈ Ωr
pW , the exterior product ρ ∧ η is

also a contact form. The contact forms constitute a differential ideal in the
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exterior algebra ΩrW . This ideal is called the contact ideal and it is denoted
by cont ΩrW .

Example 1. We discuss the important example of contact 1-forms. We
define

(III.7) ωσJ = d yσJ − yσJi dx
i, where 0 ≤ |J | ≤ r − 1.

One can easily compute that for any tangent vector Ξ ∈ TJr+1
x γJ

r+1Y

ωσJ (Jrxγ)(hΞ) = 0(III.8)

ωσJ (Jrxγ)(pΞ) = ΞσJ − yσJiξ
i(III.9)

and moreover

dxi(Jrxγ)(hΞ) = ξi(III.10)

dxi(Jrxγ)(pΞ) = 0.(III.11)

1.3. The local structure of contact components. If ρ ∈ Ωr
qW is a

differential q-form on JrY we usually write it in fibered coordinates on W r

as

(III.12) ρ =
q∑
s=0

P J1...Js
σ1...σs is+1...iq

d yσ1
J1
∧ . . . ∧ d yσs

Js
∧ dxis+1 ∧ . . . ∧ dxiq .

The coefficients P J1...Js
σ1...σs is+1...iq

, s ∈ {1, . . . , q} are functions on JrY an-

tisymmetric in the multiindices Jl
σl

and in the indices is+1, . . . , iq, where
l ∈ {1, . . . , s}.

Theorem III.2. Let W ⊂ Y be an open set, q > 1 an integer ρ ∈ Ωr
qW a q-

form with the chart expression (III.12). Then pk ρ has the chart expression

pk ρ = QJ1...Jk
σ1...σk ik+1...iq

ωσ1
J1
∧ . . . ∧ ωσk

Jk
∧ dxik+1 ∧ . . . ∧ dxiq ,(III.13)

where

QJ1...Jk
σ1...σk ik+1...iq

=
q∑
s=k

(
s
k

)
P
J1...Jk+1...Js

σ1...σk+1...σs [is+1...iq
y
σk+1

Jk+1ik+1
. . . yσs

Jsis]

(III.14)

are functions on JrY antisymmetrized in [ik+1 . . . iq].

Remark 2. Note that the expressions on the right hand side of the equation
(III.14) are polynomials in the jet variables yσJ for |J | = r + 1.

Remark 3. The mappings pl : Ωr
qW →Ωr+1

q W for 0 ≤ l ≤ q behave almost
like projectors, i.e.

(III.15) pl pk ρ = δkl(πr+2,r+1)∗ pk ρ.



20 III. Contact Forms

1.4. Strongly contact forms. Let n+1 ≤ q ≤ dim JrY and ρ ∈ Ωr
qW be

a q-form. Then, using (III.3), (πr+1,r)∗ρ = pq−n ρ+ · · ·+pq ρ. Consequently,
ρ ∈ Ωr

qW is always contact. We say that the form ρ is strongly contact if
pq−n ρ = 0. Strongly contact forms are locally characterized by the property
that the coefficient of the terms containing the n-form dxi1 ∧ . . .∧dxin (the
local volume element on X) is always zero.

Remark 4. The exterior differentiation preserves the property of contact-
ness. This no longer holds for strong contactness. Consider for exam-
ple n = 2 and the 3-form ωσ ∧ dων on Y . By lifting ρ to J1Y we ob-
tain (π1,0)∗ρ = −ωσ ∧ ωνj ∧ dxj and see that ρ is strongly contact. But
d ρ = dωσ ∧ dων and (π1,0)∗ d ρ = −ωσi ∧ ωνj ∧ dxi ∧ dxj so d ρ is not
strongly contact.

1.5. Contact components and geometric operations. We shall study
the geometric operations on the contact components such as the exterior
product ∧, the contraction y of a form with a vector, The Lie derivative L
by a vector field and the exterior derivative.

Lemma III.3. Let ρ and η be two differential forms on JrY , Jr+1
x γ ∈

Jr+1Y a point, Υ a tangent vector at this point, α : W r→ JrY a fibered
morphism and Ξ a π-projectable vector field on Y . Then

(a) pk(ρ ∧ η) =
∑

l+s=k pl ρ ∧ ps η,

(b) Υ y pk ρ(Jr+1
x γ) = pk−1 pΥ y ρ(Jr+1

x γ) + pk hΥ y ρ(Jr+1
x γ),

(c) pk(Jrα∗ρ) = (Jr+1α)∗ pk ρ,

(d) pk(LJrΞρ) = LJr+1Ξ pk ρ,

(e) (πr+2,r+1)∗ pk d ρ = pk dpk−1 ρ+ pk dpk ρ.

Remark 5. If Υ is a πr+1-vertical, πr+1,r-projectable vector field with
πr+1,r-projection Υ0. Then p Υ = Υ0 and

(III.16) Υ y pk ρ = pk−1 Υ0 y ρ.

2. The local structure of contact and
strongly contact forms

2.1. The local structure of contact forms. We characterize the local
structure of contact q-forms, where 1 ≤ q ≤ n. Special attention is paid to
the local generators of the contact ideal. Note that for every multiindex J ,

(III.17) dωσJ = −d yσJi ∧ dxi = −ωσJi ∧ dxi.

Thus the 2-forms dωσJ with |J | ≤ r−2 belong to the ideal of forms generated
by the contact 1-forms (III.7) whereas the 2-forms dωσJ , for |J | = r − 1, do
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not belong to the ideal generated by the contact 1-forms in spite of the
fact that they are obviously contact. We recall that for q > n every form
ρ ∈ Ωr

qW is contact.

Theorem III.4. Let W ⊂ Y be an open set, ρ ∈ Ωr
qW a differential q-form.

(a) Let q = 1. Then ρ is contact if and only if

(III.18) ρ =
r−1∑
|J |=0

AJσω
σ
J

for some functions AJσ ∈ Ωr
0W .

(b) Let 2 ≤ q ≤ n, Then ρ is contact if and only if

(III.19) ρ =
r−1∑
|J |=0

ωσJ ∧AJσ + dωσI ∧BI
σ, where the length of |I| = r − 1

and AJσ (resp. BI
σ) are some local (q − 1)-forms (resp. (q − 2)-

forms).

2.2. The local structure of strongly contact forms. We characterize
the local structure of strongly contact q-forms, where n+ 1 ≤ q ≤ dim JrY .

Theorem III.5. Let W ⊂ Y be an open set, q an integer such that n+1 ≤
q ≤ dim JrY and ρ ∈ Ωr

qW a differential q-form. Then ρ is strongly contact
if and only if

(III.20) ρ =
∑

q−n+1≤p+s
p+2s≤q

ωσ1
J1
∧ . . . ∧ ωσp

Jp
∧ dων1I1 ∧ . . . ∧ dωνs

Is
∧AJ1...Jp I1...Is

σ1...σp ν1...νs ,

where |J1|, . . . , |Jp| ≤ r − 1, |I1|, . . . , |Is| = r − 1 and AJ1...Jp I1...Is
σ1...σp ν1...νs are some

local (q − p− 2s)-forms.

2.3. Decomposable forms. The canonical decomposition (III.3) of a dif-
ferential form on JrY is generally defined on Jr+1Y . We can consider forms
on JrY which admit such decomposition directly on JrY .

A form ρ ∈ Ωr
qW is said to be decomposable if ρ = α + β, α ∈ Ωr

qW
is πr-horizontal (resp. (q − n)-contact) and β is contact (resp. strongly
contact) for 1 ≤ q ≤ n (resp. n+ 1 ≤ q ≤ dim JrY ).

Theorem III.6. Let W ⊂ Y be an open set.

(a) Let 1 ≤ q ≤ n. A q-form ρ ∈ Ωr
qW is decomposable if and only if

there exists a πr-horizontal form η ∈ Ωr
qW such that h(ρ− η) = 0.

(b) Let n + 1 ≤ q ≤ dim JrY . A q-form ρ ∈ Ωr
qW is decomposable if

and only if there exists a (q − n)-contact form η ∈ Ωr
qW such that

pq−n(ρ− η) = 0.
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2.4. The local structure of decomposable forms. We describe the
local structure of decomposable forms on JrY .

Theorem III.7. Let W ⊂ Y be an open set and ρ ∈ Ωr
qW a q-form.

(a) Let q = 1. Then ρ is decomposable if and only if

(III.21) ρ = α+
r−1∑
|J |=0

AJσω
σ
J ,

α is a local πr-horizontal q-form and the AJσ are local functions.

(b) Let 2 ≤ q ≤ n. Then ρ is decomposable if and only if

(III.22) ρ = α+
r−1∑
|J |=0

ωσJ ∧AJσ + ωσI ∧BI
σ, |I| = r − 1,

α is a local πr-horizontal q-form and the AJσ ∈ Ωr
q−1W (resp. BI

σ ∈
Ωr
q−2W are local (q − 1)-forms (resp. (q − 2)-forms).

(c) Let n+ 1 ≤ q ≤ dim JrY . Then ρ is decomposable if and only if

(III.23) ρ = α+
∑

q−n+1≤p+s
p+2s≤q

ωσ1
J1
∧ . . .∧ωσp

Jp
∧dων1I1 ∧ . . .∧dωνs

Is
∧AJ1...Jp I1...Is

σ1...σp ν1...νs ,

α ∈ Ωr
qW is a local (q − n)-contact q-form, |J1|, . . . , |Jp| ≤ r − 1,

|I1|, . . . , |Is| = r − 1 and AJ1...Jp I1...Is
σ1...σp ν1...νs ∈ Ωr

q−p−2sW are some local
(q − p− 2s)-forms.

3. Decomposition of the exterior
derivative

We will prove that the operator (πr+2,r)∗ d can be decomposed into its hor-
izontal and contact component. By means of this decomposition, we shall
extend the notion of the formal derivative from functions to differential
forms. We shall investigate the properties of such derivatives, give some
examples and calculate the effect of these derivatives on basis 1-forms.

3.1. The decomposition of the exterior derivative. The formula (e)
of Lemma III.3 leads to the decomposition of the exterior derivative operator
on fibered manifolds in the following sense.

Proposition III.8. Let ρ ∈ Ωr
qW and η ∈ Ωr

tW be differential forms. Then
the exterior derivative d decomposes into two invariant parts

(III.24) (πr+2,r)∗ d ρ = dH ρ+ dC ρ,
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where

dH ρ =
q∑

k=0

pk dpk ρ(III.25)

dC ρ =
q∑

k=0

pk+1 dpk ρ.(III.26)

Thus, the following identities hold

(a) dH ◦dH = 0, dC ◦dC = 0 and dH ◦dC = −dC ◦dH,

(b) dH(ρ ∧ η) = dH ρ ∧ (πr+2,r)∗η + (−1)q(πr+2,r)∗ρ ∧ dH η,

(c) dC(ρ ∧ η) = dC ρ ∧ (πr+2,r)∗η + (−1)q(πr+2,r)∗ρ ∧ dC η.

Proof. (a) Using the identity (e) of Lemma III.3 and omitting the pullbacks
by the natural jet projections we write

d2
H =

q∑
k=0

pk dpk

q∑
l=0

pl dpl

=
q∑

k=0

pk dpk dpk

=
q∑

k=0

(pk d−pk dpk−1) d pk = 0

and similarly the analogous identity

d2
C =

q∑
k=0

pk+1 dpk

q∑
l=0

pl+1 dpl

=
q∑

k=0

pk+1 dpk dpk−1

=
q∑

k=0

(pk+1 d−pk+1 dpk+1) d pk−1 = 0.

From

0 = d2 = d2
H +d2

C +dH dC +dC dH

we obtain the third identity.
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(b) Without restricting the generality of the problem we can assume that
q ≤ t and set pk ρ = 0 for k < 0 or k > q and pk η = 0 for k < 0 and k > t.

dH(ρ ∧ η) =
q+t∑
k=0

pk dpk(ρ ∧ η)

=
q+t∑
k=0

pk d
q∑
l=0

pl ρ ∧ pk−l η

=
q+t∑
k=0

pk

q∑
l=0

[
dpl ρ ∧ pk−l η + (−1)q pl ρ ∧ dpk−l η

]
=

q+t∑
k=0

pk

q∑
l=0

[pl dpl ρ ∧ pk−l η + pl+1 d pl ρ ∧ pk−l η+

+ (−1)q pl ρ ∧ pk−l dpk−l η + (−1)q pl ρ ∧ pk−l+1 dpk−l η]

and since pk(pl+1 dpl ρ ∧ pk−l η) = 0, pk(pl ρ ∧ pk−l+1 dpk−l η) = 0 and the
remaining summands are k-contact

=
q+t∑
k=0

q∑
l=0

[pl dpl ρ ∧ pk−l η + (−1)q pl ρ ∧ pk−l dpk−l η]

=
t∑

u=0

q∑
l=0

[pl dpl ρ ∧ pu η + (−1)q pl ρ ∧ pu dpu η]

= dH ρ ∧ η + (−1)qρ ∧ dH η.

The formula (c) is obtained from dC = (πr+2,r)∗ d−dH. �

3.2. Formal derivatives of differential forms. There are several equiv-
alent ways to define formal derivatives of differential forms. We strive for
the most natural definition possible. We notice that from the previous para-
graph we have that d dH ρ = −dH d ρ for any differential form ρ ∈ Ωr

qW .
We would like to split the differential form dH ρ (this form always contains
at least one product term dxi in every summand) into

(III.27) dH ρ = (−1)q Di ρ ∧ dxi.

Such a decomposition of the exterior product is, however, generally ambigu-
ous. This can be seen from the identity

(III.28) Diρ ∧ dxi = Di ρ ∧ dxi,

where
Diρ = Di ρ+ ϕiδij ∧ dxj ,
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and ϕi is any system of (q − 1)-forms. Therefore it seems more appropriate
to define the formal derivative axiomatically and then prove the equation
(III.27).

Recall that the exterior derivative of functions has already been defined
by (II.12). Let ρ ∈ Ωr

qW , q > 0, be a differential q-form. We define Di ρ,
the formal derivative of a differential form ρ with respect to the coordinate
xi, by demanding that it commutes with exterior differentiation, so that

Di d ρ = dDi ρ(III.29)

and, if η ∈ Ωr
tW is another differential form, by obeying the Leibniz rule

Di(ρ ∧ η) = Di ρ ∧ η + ρ ∧Di η.(III.30)

It is clear that the formal derivative given by the properties (II.12), (III.29)
and (III.30) is defined correctly.

Lemma III.9. Let ρ ∈ Ωr
qW be a differential form. Then

(III.31) dH ρ = (−1)q Di ρ ∧ dxi.

Proof. The formal derivative for functions was defined in (II.12). First, we
shall compute the formal derivatives of 1-forms.

Di dxj = dDi x
j = d δji = 0(III.32)

Di d yσJ = dDi y
σ
J = d yσJi

Di ω
σ
J = Di(d yσJ − yσJj dxj)

= d yσJi − yσJji dx
j

= d yσJi − yσJij dxj

= ωσJi

Second, for each k-contact component in the contact decomposition of the
differential form ρ, given in local coordinates by

pk ρ = BJ1...Jk
σ1...σk ik+1...iq

ωσ1
J1
∧ . . . ∧ ωσk

Jk
∧ dxik+1 ∧ . . . ∧ dxiq

we compute its formal derivative using the Leibniz rule (III.30), obtaining

Di ρ = DiB
J1...Jk
σ1...σk ik+1...iq

ωσ1
J1
∧ . . . ∧ ωσk

Jk
∧ dxik+1 ∧ . . . ∧ dxiq+

+ kBJ1...Jk
σ1...σk ik+1...iq

ωσ1
J1i

∧ ωσ2
J2
∧ . . . ∧ ωσk

Jk
∧ dxik+1∧ . . . ∧ dxiq .

(III.33)

On the other hand we can compute

pk dpk ρ = hdBJ1...Jk
σ1...σk ik+1...iq

ωσ1
J1
∧ . . . ∧ ωσk

Jk
∧ dxik+1 ∧ . . . ∧ dxiq+

+ kBJ1...Jk
σ1...σk ik+1...iq

p1 dωσ1
J1
∧ ωσ2

J2
∧ . . . ∧ ωσk

Jk
∧ dxik+1∧ . . . ∧ dxiq .

(III.34)
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From (III.33) and (III.34) we conclude that (III.31) indeed holds. �

Based on the previous Lemma (III.9), we now formulate the properties
of formal derivatives.

Lemma III.10. Let (V, ψ) be a fibered chart on Y and let ρ ∈ Ωr
qW be a

differential q-form. Then the following holds

(a) If we denote by bars another coordinate system such that V ∩ V̄ 6= ∅
and denote by D̄j the formal derivative with respect to the coordinate
x̄j, we obtain the following transformation rule

(III.35) Di ρ =
∂x̄j

∂xi
D̄jρ.

(b) The formal derivatives commute, so that

(III.36) Di Dj ρ = Dj Di ρ.

Proof. (a) The transformation formula is the direct consequence of the
previous Lemma. We have

(−1)q Di ρ ∧ dxi = dH ρ = (−1)qD̄jρ ∧ d x̄j

Di ρ ∧ dxi = D̄jρ ∧
∂x̄j

∂xi
dxi

Di ρ =
∂x̄j

∂xi
D̄jρ

(b) First, we check the property (III.36) for functions and basis 1-forms. For
functions we obtain

Di f =
∂f

∂xi
+

∂f

∂yσJ
yσJi

Dj Di f =
∂2f

∂xj∂xi
+

∂2f

∂yσJ∂x
j
yσJi +

∂2f

∂yνK∂x
i
yνKj +

∂2f

∂yσJ∂y
ν
K

yσJiy
ν
Kj +

∂f

∂yσJ
yσJij

Dj Di f = Di Dj f

For the 1-form dxj we get the result trivially and for the contact 1-form we
conclude

Di Dj ω
σ
J = ωσJji = ωσJij = Dj Di ω

σ
J .

Let η ∈ Ωr
tW be another t-form. Using the Leibniz rule (III.30) we obtain

Dj Di(ρ ∧ η) = Dj (Di ρ ∧ η + ρ ∧Di η)

= Dj Di ρ ∧ η + ρ ∧Dj Di η + Di ρ ∧Dj η + Dj ρ ∧Di η

The last two terms represent an expression symmetric in i and j. Thus

Dj Di(ρ∧η)−Di Dj(ρ∧η) = (Dj Di ρ−Di Dj ρ)∧η+ρ∧ (Dj Di η−Di Dj η)
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and as any formal derivative is built from formal derivatives of functions
and the 1-forms dxi and ωσJ for which the formal derivatives commute, we
can set Di Dj = Dj Di in general. �

Remark 6. Since the formal derivatives commute, we shall use the notation

DJ = Djs . . .Dj1 ,

where J = (j1 . . . js), from this point onward.

We shall now prove some further properties of the various geometric opera-
tions which pertain to contact components of differential forms. These will
be needed in the next chapter.

Theorem III.11. Let Ξ be a π-vertical vector field on Y and ρ ∈ Ωr
qW a

differential q-form on JrY . Then the following hold:

(III.37) Jr+2Ξ y pk dpk ρ = −pk−1 d
(
Jr+1Ξ y pk ρ

)
LJr+2Ξ

(
πr+2,r+1

)∗ pk ρ = Jr+2Ξ y pk+1 dpk ρ+ pk d
(
Jr+1Ξ y pk ρ

)
Proof. We shall verify that the Lie derivative by the prolongation of a π-
vertical vector field does not change the order of contactness of a differential
form. It suffices to prove this locally for the generators. The statement is
trivial for functions, for the basis 1-forms we get

JrΞ yωνI =
r∑

|J |=0

(
DJ Ξσ

∂

∂yσJ

)
yωνI = DI Ξν

(πr+2,r+1)∗LJrΞω
ν
I =− dxj DIj Ξν + dxj DIj Ξν + ωσJ

∂ΞνI
∂yσJ

JrΞ y dxj =0,

using the well-known Cartan formula

(III.38) Lξ = ξ y d ρ+ d ξ y ρ,

valid for any vector field ξ and differential form ρ on any smooth manifold.
Notice that it holds

(III.39)
(
πr+2,r+1

)∗ dpk ρ = pk+1 dpk ρ+ pk dpk ρ

and for a π-vertical Ξ, following Lemma III.3 (b),

Jr+1Ξ y pk ρ = pk−1(pJ
rΞ) y ρ
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Since Ξ is π-vertical Jr+1Ξ y pk ρ is (k−1)-contact. Using the Cartan formula
and the formulas above we obtain

LJr+2Ξ

(
πr+2,r+1

)∗ pk ρ =

= Jr+2Ξ y d
(
πr+2,r+1

)∗ pk ρ+ d
(
Jr+2Ξ y

(
πr+2,r+1

)∗ pk ρ
)

=

= Jr+2Ξ y
(
pk+1 dpk ρ+ pk dpk ρ

)
+
(
pk−1 d+ pk d

) (
Jr+1Ξ y pk ρ

)
.

This gives the required formula as follows: The contraction of an k-contact
q-form by the prolongation of a π-vertical vector field JrΞ leads to an k-
contact (q−1)-form and therefore, the formula can be split into its k-contact
and (k + 1)-contact parts, which give the required formulas. �



Chapter IV

Formal Differential
Operators

We shall recall the notion of a differential operator as understood
in [35] and [19]. We then specify what will be meant by for-
mal differential operators. Then we shall focus our attention on
certain special formal differential operators which will be useful
for the representation of the variational sequence by differential
forms and the calculus of variations on fibered manifolds. This
constitutes some generalisations of [4] to the case of finite order
jet prolongations of fibered manifolds.

1. Formal Differential Operators

1.1. Differential operators. Let τ : W →X and ρ : Z→X be two fibered
manifolds over the same base X and let sec τ (resp. sec ρ) denote the set of
smooth local sections of τ (resp. ρ). A mapping D : sec τ→ sec ρ is said to
be a differential operator , if there exist an integer r ≥ 0 and a morphism of
fibered manifolds Dr : JrW →Z over the identity idX such that for every
section γ ∈ sec τ

(IV.1) D(γ) = Dr ◦ Jrγ.

If there exists such an integer r then for every s ≥ r we may construct the
morphism Ds : JsW →Z over the identity idX by taking Ds = Dr ◦ τ s,r,

29
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where τ s,r : JsW → JrW is the canonical projection. The smallest integer
r for which there exists a morphism Dr satisfying (IV.1) for all sections
γ ∈ sec τ is called the order of the differential operator D. The situation is
depicted with the Figure 1.

JrW

τr

��

Dr

""EEEEEEEE

��

JrW
Dr

""EEEEEEEE

��

W

τ

��

Z

ρ
||yyyyyyyy

W Z

X X

Jrγ

@@

γ

OO

Dr◦Jrγ

<<yyyyyyyy

Figure 1. Differential operators

Every morphism of fibered manifolds α : JrW →W over the identity idX
defines a differential operator Dα : sec τ→ sec ρ by the formula

(IV.2) Dα(γ) = α ◦ Jrγ.

Let τ : W →X be a fibered manifold with base X and let ρ : Z→W
be a fibered manifold with base W . Denote by sec τ (resp. sec τ ◦ ρ) the
set of smooth local sections of τ (resp. τ ◦ ρ). A differential operator
D : sec τ→ sec τρ is said to be a prolongation operator , if for every γ ∈ sec τ

(IV.3) ρ ◦D(γ) = γ.

We can also describe prolongation operators by requiring that the diagram
in Figure 2 commutes.

JrW
Dr

""EEEEEEEE

��

W Z
ρ

oo

X

Jrγ

@@

γ

OO

Figure 2. Prolongation operators
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Figure 3. The tangent bundles of fibered manifolds

1.2. Formal differential operators. Let π : Y →X be a fibered man-
ifold. We shall denote the foot projection in the tangent bundle of any
manifold X by p : TX→X. Let us consider the scheme in Figure 3. The
triple (TY, π ◦ p,X) is clearly a vector bundle. We shall take the subbun-
dle (V Y, π ◦ p,X) of vertical vectors (see Paragraph 1.3 in Chapter II) and
consider differential operators applied to local sections of this subbundle.

It is essential that in the case of vertical bundles, there exists a canonical
isomorphism that enables to identify V JrY ∼= JrV Y . More generally, there
exists a canonical fibered morphism tr : JrTY →TJrY . We denote

– (xi, yσ) adapted coordinates on the fibered manifold Y →X,
– (xi, yσJ ), where 0 ≤ |J | ≤ r, adapted coordinates on the composite

fibered manifold JrY →· · ·→Y →X,
– (xi, yσ; ξi,Ξσ) adapted coordinates on the composite fibered mani-

fold TY →TX→X,
– (xi, yσJ ; ξi,ΞσJ), where 0 ≤ |J | ≤ r, adapted coordinates on the

composite fibered manifold TJrY → JrY →X and
– (xi, yσJ , ζ

i
J ,Υ

σ
J) adapted coordinates on the composite fibered man-

ifold JrTY →TY →X.

The canonical fibered isomorphism between V JrY and JrV Y is given simply
by ΞσJ = Υσ

J and the fibered morphism tr : JrTY →TJrY is given by using
the morphism t : JTY →TJY which is expressed by

ξi = ζi

Ξσi = Υσ
i − yσj ζ

j
i .

The local sections of the vertical subbundle are local vertical vector fields
on Y . We shall denote the set of vertical vector fields on a neighborhood
W , where W ⊂ Y is an open set, by V W . Differential operators P of the
type

P : V W 3 Ξ→P (Ξ) = Dr ◦ JrΞ ∈ sec ρ
are said to be formal differential operators. The corresponding diagram-
matic description focusing on the domain of definition is drawn in Figure 4.
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Figure 4. Formal differential operators

1.3. The codomains of formal differential operators. Next we specify
the structure of the fibered manifold Z→X, whose sections serve as targets
for differential operators. For our purposes and from this point onward,
the fibered manifold Z will always be the bundle of antisymmetric (q, 0)-
tensors over JrY . We shall denote this bundle by ΛqT ∗JrY . This is clearly
a composite fibered manifold ρ : ΛqT ∗JrY → JrY →X with respect to the
projection ρ. Also, from this point onward, we shall consider the mapping
Dr in the sense of a morphism of vector bundles V JrY →ΛqT ∗JrY . The
local sections of the bundle ΛqT ∗JrY are differential q-forms. We denote
the set of local sections on the neighborhood W r = (πr,0)−1(W ), where
W ⊂ Y is an open set, by Ωr

qW. Note that such sets of local sections have
the structure of modules over the ring of functions on W r.

Example 2. We shall make use of the following formal differential operator.
It is a natural differential operator. Let ρ ∈ Ωr

q+1Y be a given differential
(q+ 1)-form. We shall denote its values in ΛqT ∗JrY by the same symbol ρ.
Consider the vector bundle morphism Dr given by

(IV.4) Dr : JrV Y ∼= V JrY 3 Υ→Υ y ρ ∈ ΛqT ∗JrY.

Then the mapping given by

(IV.5) Cρ : V W 3 Ξ→Dr ◦ JrΞ = JrΞ y ρ ∈ Ωr
qW

is a formal differential operator. Natural differential operators are treated
in more detail and generality in [35] and [19].

1.4. Local expressions of formal differential operators. We shall de-
rive the local expression of formal differential operators. In the previous
paragraphs we saw that the r-jet prolongation of the vertical bundle is iso-
morphic to the vertical bundle of the r-jet prolongation or JrV Y ∼= V JrY .
Let W ⊂ Y be an open set and Ξ ∈ V W be a vertical vector field given in
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local coordinates by

Ξ = Ξσ
∂

∂yσ
.(IV.6)

Then its r-jet prolongation is given by

JrΞ = (DJ Ξσ)
∂

∂yσJ
.(IV.7)

We obtain the local expression of a formal differential operator P as

(IV.8) P (Ξ) =
r∑

|J |=0

(DJ Ξσ)P Jσ ,

where the coefficients P Jσ are smooth differential q-forms. Since we know
how the formal derivative operates on differential forms, we attempt to move
the formal derivatives from the components of the vertical vector field to the
differential q-forms P Jσ by using a repeated ”integration by parts” procedure.
This is the heart of the following lemma.

Lemma IV.1. Any formal differential operator P can be uniquely rewritten
as

(IV.9) P (Ξ) =
r∑

|I|=0

DI

(
ΞσQIσ

)
,

where

(IV.10) QIσ =
r−|I|∑
|J |=0

(|I|+|J |
|I|

)
(−1)|J | DJ P

IJ
σ .

Proof. To establish this we simply expand the equation (IV.9) using the
product rule (III.30) and obtain

P (Ξ) =
r∑

|J |=0

DJ(Ξσ)
r−|J |∑
|I|=0

(|I|+|J |
|J |

)
DI Q

JI
σ .

We shall prove that

(IV.11) P Jσ =
r−|J |∑
|I|=0

(|I|+|J |
|I|

)
DI Q

JI
σ .
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For given P Jσ this system of equations has the unique solution

P Jr
σ = QJr

σ

P Jr−1
σ = QJr−1

σ + rDj Q
Jr−1j
σ

... =
...

Pσ = Qσ + . . . + DJr Q
Jr
σ .

For clarity we index the multiindices by their lengths. It is obvious that
Q
Ip
σ = 0 for 0 ≤ p ≤ r implies P Jt

σ = 0 for 0 ≤ t ≤ r. Eliminating the forms
QIσ from the above written system recursively for I = Jr, . . . , Jp+1 we obtain
(IV.10). It remains to verify whether QIσ satisfy (IV.11) identically.

P
Jp
σ =

r−p∑
q=0

(
p+q
q

)
DIq

[
r−p−q∑
s=0

(
p+q+s
p+q

)
(−D)KsP

IpJq−sKs
σ

]

=
r−p∑
t=0

 t∑
q=0

(−1)t−q
(
p+q
p

)(
p+t
p+q

)DIt P
JrIt
σ .

The combinatorial sum in the square brackets is equal to 1 for t = 0 and to
0 otherwise. We can prove this by induction on p and t. �

The coefficientsQJσ , where |J | = r form the so called symbol of the formal
differential operator P . In general, the remaining coefficients QJσ , where
1 ≤ |J | < r, don’t have any geometric meaning. In the next section we shall
investigate the properties of the coefficients Qσ and formulate conditions
under which these coefficients give rise to formal differential operators of
order zero.

2. Euler operators

2.1. Euler operators. First we shall present two examples of some simple
formal differential operators and in the second example compute the trans-
formation properties of the coefficients Qσ arising from the Lemma IV.1.

Example 3. In this example the indices k and l (as well as the usual reserved
indices i and j) are summed over 1 to n. Let us take a form ρ ∈ Ω1

3W and
take its 2-contact component. In local coordinates we shall write

p2 ρ = Aσν iω
σ∧ ων∧ dxi + 2Ajσν iω

σ
j ∧ ων∧ dxi +Ajkσν iω

σ
j ∧ ωνk ∧ dxi,

and similarly for the vertical vector field Ξ on Y

Ξ = Ξσ∂σ , J1Ξ = Ξσ∂σ + Ξσj ∂
j
σ = Ξσ∂σ + Dj Ξσ∂jσ.
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By means of the differential form p2 ρ we shall construct the formal differ-
ential operator given by (IV.5). In coordinates we obtain

P (Ξ) = Ξσ
(
Aσν iω

ν∧ dxi −A k
νσ iω

ν
k∧ dxi

)
+

+ Dj Ξσ
(
Ajσν iω

ν∧ dxi +Ajkσν iω
ν
k∧ dxi

)
.

We compute the formula for Qσ.

Qσ = Pσ −Dj P
j
σ

= Aσν iω
ν∧ dxi −A k

νσ i ∧ ωνk∧ dxi−

−Dj

(
Ajσν iω

ν∧ dxi +Ajkσν iω
ν
k∧ dxi

)
=
(
Aσν i −Dj A

j
σν i

)
ων∧ dxi +

(
−A k

νσ i −Akσν i −Dj A
jk
σν i

)
ωνk∧ dxi−

−Ajkσν iω
ν
kj∧ dxi.

We can easily observe that the zeroth order formal differential operator
defined by the formula Q(Ξ) = ΞσQσ is not correctly defined. The situation
changes if we consider n = dimX = 1 or more generally, if we consider
formal differential operators whose codomains are spaces of (q − n) contact
q-forms. This means that for formal differential operators which arise from
contractions of given differential forms by r-order prolongations of vector
fields we can consider only spaces of (q − n+ 1)-contact components.

The exact formulation of the above idea is given by the following Theo-
rem.

Theorem IV.2. Let W ⊂ Y be an open set. Let P : V W →pk Ωr
n+kW ,

n = dimX be a formal differential operator of order r. Then there exists
a unique formal differential operator of order zero

Q : V W →pk Ω2r
n+kW,

such that

P (Ξ) = Q(Ξ) + pk dpk R(Ξ)(IV.12)

and locally

Q(Ξ) = QσΞσ,(IV.13)

where Qσ is defined in terms of P Jσ as in (IV.10).

Q is called the Euler operator corresponding to P and R is a locally
defined differential operator.
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Proof. We proceed in two steps. First we prove the local existence of Q
and then its uniqueness.

We start with the local existence of the decomposition (IV.12). As in
(IV.9) we can write

P (Ξ) = QσΞσ +
r∑

|J |=1

DJ(ΞσQJσ)

= QσΞσ + Di

r−1∑
|J |=0

DJ(ΞσQJiσ ).

The coefficients QJσ are differential (n+ k)-forms that can be written as

QJσ = BJ
σ ∧ ω0 = (−1)n−1BJ

σ ∧ ωj ∧ dxj

for arbitrary j = 1, . . . , n, there is no summation over j and BJ
σ are some

k-contact k-forms. We further define ωj = ∂/∂xj yω0. Then, taking into
account that ωj ∧ dxi = 0 for j 6= i, we have

P (Ξ) = QσΞσ + Di

r−1∑
|J |=0

DJ

[
Ξσ(−1)n−1BJj

σ ∧ ωj ∧ dxi
]
.

Using the product rule (III.30) we obtain

= QσΞσ + Di

r−1∑
|J |=0

DJ

[
Ξσ(−1)n−1BJj

σ ∧ ωj
]
∧ dxi

and finally

P (Ξ) = QσΞσ + (−1)n−1(−1)n+k−1 pk dpk
r−1∑
|J |=0

(DJ ΞσBJj
σ ) ∧ ωj ,

the needed local decomposition, and the explicit expression for the differen-
tial operator R given by

R(Ξ) = (−1)k
r−1∑
|J |=0

(DJ ΞσBJj
σ ) ∧ ωj .

We shall turn to the proof of the uniqueness of Q. Suppose that Q is
not given uniquely and

P (Ξ) = Q(Ξ) + pk dpk R(Ξ)

P (Ξ) = Q̃(Ξ) + pk dpk R̃(Ξ).
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Subtracting these equations we obtain

ΞσMσ = Q(Ξ)− Q̃(Ξ) = pk dpk[R̃(Ξ)−R(Ξ)] = pk dpk(R− R̃)(Ξ).

Let Ξj , j ∈ {1, . . . , k} be arbitrary π-vertical vector fields on Y and let us
form the expression

Jr+2Ξk y . . . y Jr+2Ξ1 y pk dpk(R− R̃)(Ξ)

We apply (III.37) and arrive at

ΞσNσ = (−1)k hd[Jr+1Ξk y . . . y Jr+1Ξ1 y pk(R− R̃)(Ξ)].

with
Nσ = Jr+2Ξk y . . . y Jr+2Ξ1 yMσ.

Choose an arbitrary piece Ω ⊂ U ⊂ X in the coordinate neighborhood and
pick Ξj so that suppΞj ⊂ Ω, and a local section γ of Y . Form the integral∫

Ω
(Jr+2γ)∗ΞσNσ.

Due to Stokes’ theorem and the fact that suppΞj ⊂ Ω this integral is zero.
The section γ was arbitrary so Nσ = 0. Finally, the vector fields Ξ1, . . . ,Ξk
were arbitrary so Mσ = 0 and Q(Ξ) = Q̃(Ξ).

By means of partitions of unity we can construct globally defined oper-
ators, uniqueness assures that there is only one such operator. �

We can now turn to investigate, which zeroth order operators pertain to
contractions of a given differential form by prolongations of vertical vector
fields.

2.2. Contraction Euler operators. The contraction Euler operator shall
be defined as the Euler operator corresponding to the formal differential
operator defined by JrΞ y pk ρ, where ρ ∈ Ωr

n+kW , for k ≥ 1, is a given
differential form. We shall express this operator in local coordinates.

The form pk ρ is expressed in a given fibered chart as follows

pk ρ = BJ1...Jk
σ1...σk

ωσ1
J1
∧ . . . ∧ ωσk

Jk
∧ ω0.

The formal differential operator defined by the contraction is given by

(IV.14) Cpk ρ(Ξ) = Jr+1Ξ y pk ρ =
r∑

|J |=0

(DJ Ξσ)(∂Jσ y pk ρ)

as can be seen from Example 2. Using the Theorem IV.2 we can find the
corresponding zero order operator I, called the contraction Euler operator ,
which is given locally by

(IV.15) C(Ξ) = ΞσCσ,
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where the coefficients Cσ are given by (IV.10) as

(IV.16) Cσ =
r∑

|J |=0

(−1)|J | DJ(∂Jσ y pk ρ).

We can use the contraction Euler operator to construct a new R-linear map-
ping

(IV.17) I : Ωr
n+kW →Ω2r+1

n+k W

defined by

(IV.18) I(ρ) = 1
kω

σ∧ Cσ = 1
kω

σ∧
r∑

|I|=0

(−1)|I| DI(∂Iσ y pk ρ)

We shall call this mapping I the contraction Euler mapping . Since we have
defined I in local coordinates, we need to verify that it is globally well
defined. We shall check the transformation properties of the mapping I as
defined by (IV.18). To this end we consider two fibered charts on Y , (V, ψ),
ψ = (xi, yσ) and (V̄ , ψ̄), ψ̄ = (x̄i, ȳσ) such that V ∩V̄ 6= ∅. We shall equip all
quantities expressed in the coordinate system (V̄ , ψ̄) by bars and according
to (IV.15) we write

C(Ξ) = ΞσCσ = Ξ̄νC̄ν ,
where

Ξ = Ξσ∂σ = Ξ̄ν ∂̄ν ,
and clearly it holds

∂σ =
∂

∂yσ
=
∂ȳν

∂yσ
∂

∂ȳν
=
∂ȳν

∂yσ
∂̄ν .

Therefore,

Cσ =
∂ȳν

∂yσ
C̄ν .

On the other hand, we have

ωσ = d yσ − yσj dxj

=
∂yσ

∂ȳν
d ȳν +

∂yσ

∂x̄i
d x̄i − D̄iy

σ ∂x̄
i

∂xj
∂xj

∂x̄k
d x̄k,

where the index k is sumed over 1 to n,

=
∂yσ

∂ȳν
d ȳν +

∂yσ

∂x̄i
d x̄i −

(
∂yσ

∂x̄i
+
∂yσ

∂ȳν
ȳνi

)
d x̄i

=
∂yσ

∂ȳν
(
d ȳν − ȳνi d x̄i

)
=
∂yσ

∂ȳν
ω̄ν .
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Finally, we obtain

I(ρ) = 1
kω

σ∧ Cσ

= 1
k

∂yσ

∂ȳν
ω̄ν∧ ∂ȳλ

∂yσ
C̄λ,

where the summation over λ extends from 1 to m,

= 1
k ω̄

ν∧ C̄ν .

Clearly, we have shown that I(ρ) ∈ Ω2r+1
n+k W is a well-defined differential

(n+ k)-form on W .

Remark 7. Let Ξ be a vertical vector field on Y , JrY its prolongation.
In local coordinates we write Ξ = Ξσ∂σ and JrΞ = ΞσJ∂

J
σ , where ΞσJ =

DJ Ξσ. Recall that ωσJ (∂Iν) = δσν δ
I
J and DJ ω

σ = ωσJ . Clearly, we can exploit
the duality between vertical vector fields and contact 1-forms and use it to
obtain the analogy of Theorem IV.2 for the contraction Euler mapping I.
In particular, let α be a contact form on JrY . If JrΞ yα = 0, we also have
α = 0.

Lemma IV.3. For any η ∈ Ωr
n+kW , it holds that I ◦ pk ◦d ◦pk η = 0.

Proof. The form I(pk dpk η) for η ∈ Ωr
n+kW , k ≥ 1 is constructed using

(IV.18) in which Cσ ∈ pk Ω2r+1
n+k W are coefficients of the contraction Eu-

ler operator corresponding to the formal differential operator Cpk dpk η =
Jr+2Ξ y pk dpk η (see (IV.5).

Cpk d pk η = Jr+2Ξ y pk dpk η = Jr+2 y
[
(−1)n+k Dj(pk ρ) ∧ dxj

]
.

On the other hand using (III.37) we have

Cpk dpk η = −pk−1 d(Jr+1 y pk η) = −pk−1 dpk−1(J
r+1Ξ y pk η)

= −(−1)n+k−1 Dj(Jr+1Ξ y pk η) ∧ dxj = (−1)n+k(Dj Cpk η) ∧ dxj .

Thus,

Jr+2 y(Dj(pk η) ∧ dxj) = Di(Jr+1Ξ y pk η︸ ︷︷ ︸
Cpk η

) ∧ dxi.
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Using (IV.9) we have

r+2∑
|J |=0

DJ

{
ΞσCJσ

[
(−1)n+k Dj(pk η) ∧ dxj

]}
=

= (−1)n+k Di

r+1∑
|I|=0

DI

[
ΞσCIσ(pk η ∧ dxi)

]
=

= (−1)n+k
r+2∑
|J |=1

DJ

[
ΞσC(I

σ (pk η ∧ dxi))
]
,

where J = Ii. As the coefficients CIσ are unique, we have

CJσ [Dj(pk η) ∧ dxj ] = C(I
σ (pk η ∧ dxi))

for J = Ii and in particular

Cσ[Dj(pk η) ∧ dxj ] = 0

and consequently I(pk dpk η) = 0. �

We shall further investigate the properties of the contraction Euler mapping
in the following chapter.



Chapter V

The Variational
Sequence

We follow [34] and describe a suitable subsequence of the de Rham
sequence of sheaves on the r-jet prolongation of a fibered manifold
and define the variational sequence as the corresponding quotient
sequence. We show how the variational sequence relates to the
classical objects known from the calculus of variations such as La-
grangians, Euler-Lagrange expressions etc. Finally, we comment
on how the variational sequence determines the local and global
properties of objects in the calculus of variations.

1. Elementals of Sheaf Theory

1.1. Sheaves of differential forms. Let us start with a brief excursion
into the theory of sheaves. We shall discuss sheaves of Abelian groups;
analogously we would work with sheaves of groups, rings and modules. Let Y
be a topological space and suppose that the following conditions are satisfied

(i) there exists an Abelian group F (U) for each open subset U ⊂ Y ,
and F (∅) = {0},

(ii) there exists a morphism ιU,V : F (V )→F (U) for each pair of open
sets U ⊂ V ⊂ Y , such that ιU,U = {1} (the identity in the Abelian
group F (U)) and ιU,W = ιU,V ◦ ιV,W for all U ⊂ V ⊂W ⊂ Y .

41
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We call F , consisting of the family {F (U)} and the family of mappings
{ιU,V }, a presheaf of Abelian groups on Y . For brevity we write

F (V ) 3 γ→ ιUV (γ) ∈ F (U) = γ|U ,

whenever U ⊂ V ⊂ Y and call it the restriction of γ to U . A morphism
ϕ : F →G between two presheaves F and G on Y is a family {ϕ(U)} of
Abelian group homomorphisms ϕ(U) : F (U)→G (U) satisfying the condi-
tion ιU,V ◦ ϕ(V ) = ϕ(U) ◦ ιU,V for each U ⊂ V ⊂ Y .

A presheaf F is called a sheaf if it satisfies the following condition: If
U ⊂ Y is an open set and {Uκ}κ∈K is an open cover of U , and if for each
κ ∈ K an element γκ ∈ F (Uκ) is given such that γκ|Uκ∩Uλ

= γλ|Uκ∩Uλ
for

all κ, λ ∈ K, then there exists a unique γ ∈ F (U) such that γ|Uκ
= γκ for

all κ ∈ K. Let F be a presheaf, y ∈ Y be a point of the topological space Y
and U , V be neighborhoods of the point y. Let γ ∈ F (U) and δ ∈ F (V ).
We define an equivalence relation by γ ∼ δ if and only if there exists a
neighborhood W of the point y, such that γ|W = δ|W . The equivalence
classes are called germs of γ at the point y, and the set of all equivalence
classes the stalk of F over y denoted by Fy. Morphisms of presheaves
induce morphisms of stalks.

We shall topologize the direct sum F ′ =
∐
y∈Y Fy. We take all U ⊂ Y ,

open subsets of Y and all γ ∈ F (U). As the base for open sets we take
the sets of germs of γ at all points y of the open set U . In other words, we
have chosen the topology in such a way that the mapping π : F ′→Y that
maps the germs in Fy to the point y is continuous, and each π−1(y) = Fy

is an Abelian group. Moreover, π is a local homeomorphism and the group
operations

F ′ ×Y F ′ = {(γ, δ)|π(γ) = π(δ)} 3 (γ, δ)→ γ + δ ∈ F ′

F ′ 3 γ→−γ ∈ F ′

on π−1(y) are continuous. The topological space F ′ is called a sheaf space.
Let A ⊂ Y be a topological subspace. A continuous mapping γ : A→F ′,
such that π ◦ γ = {1}A is called a section over A. The set of sections
over A, denoted by Γ(A,F ′) is obviously an Abelian group. We associate
the Abelian group Γ(U,F ′) with each open subset U ⊂ Y and define ιU,V
by restrictions of sections {ιU,V (γ) = γ|U}. We obtain a sheaf F ′′, called
the sheaf associated with the presheaf F . If F is a sheaf, we can prove
that F ′′ is isomorphic to F . Conversely, if we start from a sheaf space
F ′, then construct the sheaf F ′′ and finally the sheaf space F ′′′, then F ′′′

is canonically isomorphic to F ′. Thus, we can identify a sheaf and its
corresponding sheaf space.
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Example 4. Let us name some important examples of sheaves, which will
be used in the following.

– The trivial sheaf. We take the trivial group {1} and a topological
space Y . The Cartesian product Y ×{1} is called the trivial sheaf.

– The constant sheaf. Let G be an Abelian group (or some other
algebraic structure), considered with discrete topology and let Y
be a topological space. The Cartesian product Y ×G is called the
constant sheaf.

– The sheaf of continuous real valued functions. Let Y be a
topological space and R the topological group of real numbers. We
obtain a sheaf F on Y by putting F (U) = {γ : U→R} , where the
mapping γ is continuous and the restrictions are defined naturally
(i.e. as restrictions of the domains of the mappings γ). This sheaf
has the structure of a sheaf of commutative rings with unity.

– Sheaf of germs of functions of class Cr, where r = 1, 2, . . . ,∞,
on a smooth manifold. This sheaf is defined analogously as the
sheaf of continuous functions. We require the functions to be of
class Cr.

– The sheaf of germs of sections of a vector bundle. Given
a vector bundle π : E→Y , we define a sheaf on Y by F (U) =
Γ(E,U) (the module of sections over U with restrictions defined
naturally. The stalk at the point y ∈ Y consists of germs at y of
sections of the vector bundle E.

– The sheaf of germs of differentiable q-forms. For the vector
bundle, mentioned in the previous example, we take the q-th ex-
terior power of the cotangent bundle of the differentiability class
Cr. This is a sheaf with the structure of a module over the ring of
functions of the class Cr.

1.2. Sequences of Abelian groups. A family A∗ = {(Ai, di)} of Abelian
groups Ai and morphisms di : Ai→Ai+1 indexed by integers i ∈ Z is called
a sequence of Abelian groups. A sequence of Abelian groups may begin
and end by an infinite string of trivial groups and the corresponding trivial
morphisms. In such a case, the Abelian sequence is said to be finite and
may be written as

{0} // Ar
dr

// Ar+1 dr+1
// · · · ds−2

// As−1 ds−1
// As // {0}.

A sequence of Abelian groups is said to be exact at a term Aq, if ker dq =
im dq−1. An Abelian sequence A∗ is called exact if it is exact at all terms



44 V. The Variational Sequence

Aq, q ∈ Z. An exact sequence of the form

(V.1) {0} // A
f

// B
g

// C // {0}

is called a short exact sequence. Next, we list various properties of short
exact sequences.

Lemma V.1. (a) The sequence (V.1) is exact at C if and only if g is
surjective.

(b) The sequence (V.1) is exact at A if and only if f is injective.

(c) The sequence of Abelian groups

{0} // A
ι // B

π // B/A // {0},

where A ⊂ B is a subgroup, ι : A→B the inclusion, B/A the quo-
tient group and πB→B/A the quotient projection, is a short exact
sequence.

(d) Assume we are given the following scheme

{0} // A
f

//

ϕ

��

B
g

//

χ

��

C // {0}

{0} // A′ f ′
// B′ g′

// C ′ // {0},

where the horizontal sequences are short exact sequences of Abelian
groups, ϕ and χ are group morphisms and the first square com-
mutes, i.e. χ ◦ f = f ′ ◦ ϕ. Then there exists a unique group mor-
phism ψ : C→C ′ such that the second square of the scheme

{0} // A
f

//

ϕ

��

B
g

//

χ

��

C //

ψ

��

{0}

{0} // A′ f ′
// B′ g′

// C ′ // {0}

commutes.

(e) Let

{0} // A
f

// B
g

// C // {0}

be an exact sequence of Abelian groups, π : B→B/f(A), the quo-
tient projection. There exists a unique group isomorphism

ψ : C→B/f(A)
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such that the diagram

{0} // A
f

//

idA

��

B
g

//

idB

��

C //

ψ
��

{0}

{0} // A
f

// B
π // B/f(A) // {0}

commutes.

Proof. All proofs are simple consequences of definitions and can be found
in [42]. �

A sequence of Abelian groups A∗ = {(Ai, di)}i∈Z is called a complex
if di+1 ◦ di = 0 for all i ∈ Z. The family of Abelian group morphisms
d∗ = {di}i∈Z is called the differential of the complex A∗. The quotient
group

HqA∗ = ker dq/ im dq−1

is called the q-th cohomology group of the complex A∗, the group elements
are called the q-th cohomology classes of A∗. An exact sequence of Abelian
groups forms a complex with trivial cohomology groups. If A is an Abelian
group, then any exact sequence of the form

(V.2) {0} // A
ε // B0 d0 // B1 d1 // B2 d2 // · · ·

is called a resolution of A. The resolution (V.2) defines a complex B∗ =
{(Bi, di)}, i.e.,

(V.3) {0} // B0 d0 // B1 d1 // B2 d2 // · · ·

such that H0B∗ = A and H iB∗ = {0} for i ∈ N.
Note that all previously defined concepts can be applied to sheaves over

the same base and to sheaf morphisms. We shall also define some additional
structures. To this end, let F ∗, usually written as

· · · // F q−1 δq−1
// F q δq

// F q+1 δq+1
// · · ·

be a sequence of sheaves. We shall consider the sequence of stalks of sheaves
F q over the point y and correspondingly restrict the sheaf morphisms δq to
these stalks. We get a sequence of Abelian groups

· · · // F q−1
y

δq−1
y

// F q
y

δq
y

// F q+1
y

δq+1
y

// · · · .

This sequence is said to be the restriction of the sequence F ∗ to the point
y ∈ Y . The sequence of sheaves F ∗ is said to be exact at F q over the
point y, if its restriction to y is exact at F q

y and exact at F q if the previous
assumption holds for all y ∈ Y . Finally, we say that F ∗ is an exact sequence
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if it is exact at F q for all q ∈ Z. A sequence of sheaves F ∗ = (F q, δq)
fulfilling the condition δq+1 ◦ δq = 0 for all q ∈ Z is called a differential
sequence. An exact sequence is obviously differential. One also defines a
resolution of F as the exact sequence of the form

0 // F
ε // F 0 δ0 // F 1 δ1 // F 2 δ2 // · · · .

We also introduce short exact sequences of sheaves analogously. If a sequence
is exact, then its restriction to a topological subspace Y ′ ⊂ Y is also exact.

A sequence of sheaves

(V.4) · · · // F q−1 δq−1
// F q δq

// F q+1 δq+1
// · · ·

over the topological space Y defines a sequence of Abelian groups of contin-
uous sections F q(U) for every open subset U ⊂ Y , together with Abelian
group morphisms δqU : F q(U)→F q+1(U). The sequence of continuous sec-
tions given by

(V.5) · · · // F q−1U
δq−1
U // F qU

δq
U // F q+1U

δq+1
U // · · ·

is said to be induced by the sequence of sheaves (V.4). In particular, for U =
Y , this sequence is called the induced sequence of global sections. Exactness
of the sequence (V.4) by no means implies the exactness of the sequence
(V.5).

Assume that we are given a sheaf F over a topological space Y . We
wish to introduce a resolution of the sheaf F

0 // F
ε // C 0(F ) ε0 // C 1(F ) ε1 // C 2(F ) ε2 // · · · ,

where the sheaves C q(F ) would be constructed from F by means of short
exact sequences. This is indeed possible, though we shall consider presheaves
of sections, which are not necessarily continuous. We define C 0(F ) =
germ sec F , where sec F denotes the presheaf of (not necessarilly continu-
ous) sections of F . Since F is canonically isomorphic with germ seccont F ⊂
germ sec F , where seccont F is the presheaf of continuous sections of F . We
denote the corresponding canonical morphism induced by this inclusion by
ε : F →C 0(F ). The mapping ε is obviously injective. Thus we can con-
struct the quotient sheaf C̄ 1(F ) = C 0(F )/ im ε. We obtain the short exact
sequence of sheaves

0 // F
ε // C 0(F ) π // C̄ 1(F ) // 0,

where π is the quotient projection. We define

C 1(F ) = C 0(C̄ 1(F )) = germ sec C̄ 1(F ),
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and

C̄ q(F ) = C q−1(F )/C̄ q−1(F ),

C q(F ) = C 0(C̄ q−1(F )) = germ sec C̄ q−1(F ),

for q ≥ 2. We obtain short exact sequences

0 // C̄ q(F ) // C q+1(F ) // C̄ q+1(F ) // 0,

for q ≥ 1. Combining these short exact sequences we get the scheme

0
%%LLLLLL 0

%%LLLLLL 0
%%LLLLLL · · ·

C̄ 1(F )

99rrrrrr

%%JJJ
JJ

C̄ 2(F )

99rrrrrr

%%JJJ
JJ

C̄ q(F )

::vvvvv

##FF
FF

F

0 // F // C 0(F ) //

99ttttt
C 1(F ) //

99ttttt
C 2(F ) //

99ttttt
· · · ,

whose bottom row defines the canonical resolution of the sheaf F . We shall
consider global continuous sections of every term of the canonical resolution
of the sheaf F and obtain the sequence of Abelian groups

0 // FY
ε // C 0(F )Y ε0 // C 1(F )Y ε1 // C 2(F )Y ε2 // · · · .

We denote by C ∗(F )Y the complex

0 // C 0(F )Y ε0 // C 1(F )Y ε1 // C 2(F )Y ε2 // · · · .

For every q ≥ 0 we define Hq(Y,F ) = Hq(C ∗(F )Y ). The Abelian group
Hq(Y,F ) is called the q-th cohomology group of Y with coefficients in the
sheaf F .

A sheaf F is called soft if every continuous section of F defined on a
closed subset of Y can be prolonged to a global continuous section. If Y is
paracompact and Y ′ is a closed subspace of Y , then any closed subset of Y ′

is closed in Y . Therefore, if F is a soft sheaf, then so is any restriction of
F .

Theorem V.2. Let Y be a paracompact Hausdorff space and

(V.6) 0 // F
χ

// G
ψ

// H // 0

a short exact sequence. If the sheaf F is soft, then the sequence of Abelian
groups

(V.7) 0 // FY
χY

// GY
ψY

// H Y // 0

is exact.

Proof. The proof can be found [42]. �
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In particular, if the sheaves F and G in the short exact sequence (V.6) are
soft, then the sheaf H is also soft. Also, the sheaves C qF , q ≥ 0, in the
canonical resolution of the sheaf F are soft. If Y is a paracompact Hausdorff
space and

(V.8) 0 // F 0 δ0 // F 1 δ1 // F 2 δ2 // · · ·

is an exact sequence of sheaves over Y , then all of the sheaves F q, q ≥ 0,
are soft, and the induced sequence of Abelian groups

(V.9) 0 // F 0Y
δ0Y // F 1Y

δ1Y // F 2Y
δ2Y // · · ·

is exact. If F is a soft sheaf over a paracompact Hausdorff space Y , then
Hq(X,F ) = 0 for all q ≥ 1.

The set supp δ = cl
{
y ∈ Y |δ|Fy 6= 0

}
is called the support of the mor-

phism δ : F →F . By a sheaf partition of unity on F , subordinate to the
open covering {Uι}ι of Y , we mean the family {ηι}ι of sheaf morphisms
ηι : F →F such that supp ηι ⊂ Uι for all ι and if each point y ∈ Y has a
neighborhood U such that ηι|U 6= 0 for only a finite set of indices ι, and for
all γ ∈ F ∑

ι

ηι(γ) = γ.

The previous sum is in fact finite. A sheaf F is said to be fine if to every
locally finite open covering {Uι} of Y , there exists a sheaf partition of unity
of F subordinate to {Uι}. If a sheaf F is fine, then it is soft.

A sheaf F over Y is said to be acyclic, if Hq(Y,F ) = 0 for q ≥ 1.
A resolution of F

0 // F // F 0 // F 1 // F 2 // · · ·

is said to be acyclic, if each of the sheaves F i, i ≥ 0 is acyclic. In particular,
if F is a sheaf over a paracompact Hausdorff space Y , then if F is soft, it
is acyclic and the canonical resolution is acyclic.

Theorem V.3 (Abstract de Rham Theorem). If F is a sheaf over a para-
compact Hausdorff space Y , and if

0 // F
ε // F 0 // F 1 // F 2 // · · ·

is an acyclic resolution of F , then for all q ≥ 0 the cohomology groups
Hq(Y,F ) and Hq(F ∗Y ) are isomorphic.

Proof. The proof can be found in [42]. �

Example 5 (The de Rham sequence). Let Y be a smooth N -dimensional
manifold, RY the constant sheaf over Y , Ωq the presheaf of smooth q-forms
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on Y , U ⊂ Y open. The exterior derivative of differential forms defines the
sequence of Abelian groups

(V.10) 0 // RY U
d // Ω0U

d // Ω1U
d // Ω2U

d // · · · d // ΩNU
d // 0.

If the conditions of the Volterra-Poincaré Lemma are satisfied, i.e. U is open
and star-shaped, then the sequence (V.10) is exact. The sequence need not
be exact otherwise. We commonly denote the sheaves germ Ωq by the same
letter as the corresponding presheaves. Each of the sheaves Ωq in the de
Rham sequence is fine hence soft hence acyclic. The de Rham sequence is
an acyclic resolution of the constant sheaf RY .

2. The variational sequence

We shall assume that the manifold Y from the previous Example 5 has the
structure of a fibered manifold π : Y →X. To each open set W ⊂ Y we
assign the ring of smooth functions Ωr

0W defined on the open set W r =
(πr,0)−1(W ). To each two open sets V ⊂ W ⊂ Y , we assign the canonical
inclusion ιV,W : V r→W r. The collections {Ωr

0W} and {ι∗V,W }, where ι∗V,W is
the pull-back mapping (i.e. restriction), define a sheaf of commutative rings
with unity over Y , denoted by Ωr

0. Let q > 0 be an integer. We assign to
each open setW ⊂ Y the module of smooth differential q-forms Ωr

qW defined
on the open set W r = (πr,0)−1(W ). The {Ωr

qW} and {ι∗V,W }, where ι∗V,W is
the pull-back mapping (i.e. restriction), define a sheaf of Ωr

0-modules over
Y denoted by Ωr

q. From the construction above we gather that, for every
q ≥ 0, the sheaf Ωr

q is the direct image of the sheaf of q-forms over JrY by
the pullback of the canonical jet projection πr,0.

2.1. The Poincaré Lemma for prolongations of fibered manifolds.
We consider an open set U ⊂ Rn, and an open ball V ⊂ Rm centered at
the point 0 ∈ Rm. Let W = U × V and denote by τ : W →U the canonical
projection on the first factor. Let (xi, yσ) be the canonical coordinates on
W . We define the mapping

(V.11) χr : [0, 1]× JrW 3 (t, (xi, yσJ ))→χr(t, (xi, yσJ )) = (xi, tyσJ ) ∈ JrW.

The mapping χr has the following more or less obvious properties

χr(0, (xi, yσJ )) = (xi, 0J),(V.12)

χr(1, (xi, yσJ )) = (xi, yσJ ),(V.13)

where 0 ≤ |J | ≤ r. For pull-backs of differential forms by χr it holds

χ∗r dxi = dxi,(V.14)

χ∗r d yσJ = t d yσJ + yσJ d t,(V.15)
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where 0 ≤ |J | ≤ r,

χ∗rω
σ
J = tωσJ + yσJ d t,(V.16)

where 0 ≤ |J | ≤ r − 1. Obviously, for any q-form ρ ∈ Ωr
qW , q ≥ 1, the

pull-back χ∗rρ can be uniquely written as

(V.17) χ∗rρ = d t ∧ ρ0(t) + ρ1(t),

the forms ρ0(t) and ρ1(t) not containing the factor d t. We set

(V.18) Aρ(ξ1, . . . , ξq−1) =
∫ 1

0
ρ0(t)(ξ1, . . . , ξq−1) d t.

for arbitrary vector fields ξ1, . . . ξq−1 on JrW . The operator A is called the
contact homotopy operator . Denote by

ζ0 : U 3 (xi)→(xi, 0J) ∈ JrW

the canonical zero section.

2.2. The factorisation subsequence. The mappings pq : Ωr
qW →Ωr+1

q W

defined in (III.2) induce the appropriate sheaf morphisms pq : Ωr
q→Ωr+1

q .
Since this can not lead to any misunderstandings, we shall use the same
notation. We denote Ωr

q,c = ker h for 0 ≤ q ≤ n and similarly Ωr
q,c = ker pq−n

for n + 1 ≤ q. These sheaves are locally described by Theorems III.4 and
III.5. The exterior derivative d induces the sheaf morphism dq : Ωr

q→Ωr
q+1.

The image of the sheaf Ωr
q,c by the mapping dq will be denoted by dΩr

q,c.
We set

Θr
1 = Ωr

1,c(V.19)

Θr
q = dΩr

q−1,c + Ωr
q,c for q ≥ 2

The sheaves Θr
q, with

q > P = m
(
n+r−1
n

)
+ 2n− 1

are trivial. We shall investigate the sequence of sheaves of C∞-modules of
differential forms given as

(V.20) {0} // Θr
1

d1 // Θr
2

d2 // · · ·
dP−1

// Θr
P

dP // {0}.

Theorem V.4. Let ρ ∈ Ωr
qW , q ≥ 1, be a differential form. It holds

(V.21) ρ = Ad ρ+ dAρ+ (πr)∗ζ∗0ρ,

and

(V.22) pk−1Aρ = Apk ρ, for 1 ≤ k ≤ q.
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Proof. The proof of the first claim can be verified by writing the equation
down in a fibered chart. The second claim is evident from the construction
of the operator A. �

Lemma V.5. If a q-form ρ ∈ Ωr
qW belongs to the ideal of the exterior

algebra of forms generated by the contact forms ωσJ , 0 ≤ |J | ≤ r − 1, and
dωσI , |I| = r − 1, see (2.1), then

(V.23) ρ = Ad ρ+ dAρ.

Proof. The proof is the direct consequence of the previous Theorem V.4.
�

Lemma V.6. The sequence of sheaves (V.20) of Abelian groups is exact.

Proof. We shall first prove exactness of the sequence (V.20) at Θr
1. We

pick an element α ∈ Θr
1. In a fibered chart, the element α is expressed as

α = AJσω
σ
J , 0 ≤ |J | ≤ r − 1, see Theorem III.4. Then we obtain

p1 dα = −(Dj A
J
σ)ω

σ
J ∧ dxj −AJσω

σ
Jj ∧ dxj .

The previous expression contain the basis ωσI ∧ dxi, |I| = r only in the
case when I = Jj, |J | = r − 1. The condition p1 dα = 0 then leads to
AJσ = 0 for |J | = r−1. Continuing in the same manner we arrive at AJσ = 0,
0 ≤ |J | ≤ r − 1, and consequently α = 0. The condition dα = 0 implies
p1 dα = 0 which in turn implies α = 0 as required for exactness.

Now, we prove exactness of (V.20) at Θr
q, 2 ≤ q ≤ n. We express an

element α ∈ Ωr
qW in some fibered chart as

(V.24) α = ωσJ ∧AJσ + d(ωνI ∧BI
ν),

where 0 ≤ |I|, |J | ≤ r − 1. Again we set

p1 dα = dωσJ ∧ hAJσ − ωσJ ∧ hdAJσ = 0.

We decompose the differential forms AJσ into two parts as follows

AJσ = aJσ + bJσ ,

where the forms aJσ are generated by ωνI , 0 ≤ |I| ≤ r − 1 while the forms bJσ
do not contain any factors of this type, i.e. of the type

bJσ = cJσ i1...iq dxi1 ∧ . . . ∧ dxiq + cJI1σσ1 i2...iq
d yσ1

I1
∧ dxi2 ∧ . . . ∧ dxiq+

+cJI1I2σσ1σ2 i3...iq
d yσ1

I1
∧d yσ2

I2
∧dxi3∧. . .∧dxiq +· · ·+cJI1...Iqσσ1...σq d yσ1

I1
∧. . .∧d yσq

Iq
,

where |I1| = · · · = |Iq| = r. Setting p1 dα = 0, we obtain

ωσJj ∧ dxj ∧ h bJσ + ωσJ ∧ hd bJσ = 0.
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Again, we consider terms containing the basis ωσI , with |I| = r. Such terms
must vanish separately and we get

dx(j ∧ h bJ)
σ = h(dx(j ∧ bJ)

σ ) = 0,

for |J | = r− 1. By solving this system of equations we obtain that the form
bJσ is generated by the 2-forms dωσI , |I| = r−1. Thus, hAJσ = h(aJσ+bJσ) = 0
for |J | = r−1. This implies that h dAJσ = 0 for |J | = r−1 and the resulting
expression coincides with (V.24) expect that the summation is taken over J
such that |J | ≤ r − 2. By repeating this procedure, we get that

hAJσ = 0

for all |J | ≤ r − 1. Suppose that dα = 0. Then also h dα = 0 and
α = α′ + dβ, where β ∈ Θr

q−1 and the order of contactness of α′ is greater
than one by virtue of Theorem III.4. The condition dα = 0 implies that
dα′ = 0 and via Theorem V.4 it must be that α = d(Aα′ + β). But
hAα′ = Ap1 α

′ = 0 due to the higher contactness of α′. Consequently,
Aα′ + β ∈ Θr

q−1.

Finally, we prove exactness of the sequence (V.20) of Θr
q, where n+ 1 ≤

q ≤ P . Let α ∈ Θr
q, α = α′ + dβ, where α′ ∈ Ωr

q,c and β ∈ Ωr
q−1,c. Again we

suppose that dα = 0. Then also dα′ = 0 and α′ = dAα′. Since pq−n α′ = 0,
we have pq−1−n(Aα′+β) = Apq−n α′ = 0. This means that Aα′+β ∈ Ωr

q−1,c

and proves the exactness at Θr
q. �

Lemma V.7. For every q, 1 ≤ q ≤ P , the sheaf Θr
q is soft.

Proof. All sheaves Ωr
q,c can be considered as sheaves of Ωr

0-modules. Thus
every partition of unity on the manifold Y subordinate to an open covering
(Uι) induces a sheaf partition of unity subordinate to the same covering.
Thus, the sheaf Ωr

q,c is fine hence soft.
Consider the sheaf morphism d: Ωr

1,c→Ωr
2 and the corresponding short

exact sequence

0 // ker d // Ωr
1,c

// im d = dΩr
1,c

// 0.

Since the sheaf Ωr
1,c is soft and ker d = 0, the quotient sheaf d Ωr

1,c must
also be soft. We continue by induction on q and suppose that d Ωr

q−1,c is
soft. For q ≥ 2 we consider the sheaf morphism d: Ωr

q,c→Ωr
q+1 and the

corresponding short exact sequence

0 // ker d // Ωr
q,c

// im d = dΩr
q,c

// 0.

By Lemma (V.6) it holds ker d = im d and so, since dΩr
q−1,c is soft by

hypothesis, the quotient sheaf d Ωr
q,c must also be soft. The sum of soft
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subsheaves Θr
q = d Ωr

q−1,c + Ωr
q,c is soft as can be seen from the following

short exact sequence

0 // ker d
χ

// Ωr
q−1,c ⊕ Ωr

q,c
ψ

// dΩr
q−1,c + Ωr

q,c
// 0,

where ⊕ denotes the direct sum of sheaves of modules and

χ : η→(η,−d η)

ψ : (η, ρ)→d η + ρ.

�

2.3. The variational sequence. We shall construct the quotient sequence
of the de Rham sequence of differential forms by the subsequence (V.20) as
depicted in Figure 1, where the vertical arrows are understood as natural
inclusions and natural quotient mappings. The sequence

0 // R // Ωr
0

E0 // Ωr
1/Θ

r
1

E1 // Ωr
2/Θ

r
2

E2 // · · ·

· · ·
EP−1

// Ωr
P /Θ

r
P

EP // Ωr
P+1

EP+1
// · · ·

EN−1
// Ωr

N

EN // 0,

defined by Figure 1, is called the variational sequence of order r over Y .
Clearly, EP+1 = d, . . . ,EN = d.

Theorem V.8. The variational sequence of order r is an acyclic resolution
of the constant sheaf R over Y .

Proof. We proved in Lemma V.6 that the first row is an exact subsequence
of the second row. Thus the third row, i.e. the quotient sequence, is also
exact, and is a resolution of R. It suffices to show that this resolution is
soft. The first row is soft by Lemma V.7, the second row is fine hence soft
by construction. The short exact sequences in the columns guarantee the
softness of the quotient sequence. �

The variational sequence is also denoted by

0 // R // V r.

Let Γ(Y,V r) be the complex of global sections

0 // Γ(Y,R) // Γ(Y,Ωr
0) // Γ(Y,Ωr

1/Θ
r
1) // Γ(Y,Ωr

2/Θ
r
2) // · · ·

· · · // Γ(Y,Ωr
P /Θ

r
P ) // Γ(Y,Ωr

P+1) // · · · // Γ(Y,Ωr
N ) // 0.

We are lead to the following result concerning the cohomology groups of this
complex.
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Theorem V.9. For every q ≥ 0

Hq(Γ(Y,V r)) = Hq(Y,R).

Proof. This follows immediately from Theorem V.8 and the abstract de
Rham Theorem V.3. �

2.4. Representation of the Variational Sequence. When dealing with
the variational sequence it is sometimes of advantage to pick some special
representatives in the quotient sheaves Ωr

q/Θ
r
q, which are themselves ele-

ments of some possibly higher order sheaves Ωs
q. The following Lemma

guarantees the success of our efforts.

Lemma V.10. Let 0 < r < s be integers. Then the scheme

0 // Θr
q

� � //

(πs,r)∗

��

Ωr
q

//

(πs,r)∗

��

Ωr
q/Θ

r
q

//

Qs,r
q

��

0

0 // Θs
q

� � // Ωs
q

// Ωs
q/Θ

s
q

// 0

commutes and the mapping Qs,rq is injective and is defined uniquely.

Proof. The statement is the consequence of Lemma V.1. �

Two elements ρ, η of the sheaf of differential forms Ωr
q belonging to the same

class Ωr
q/Θ

r
q are called equivalent . Two elements ρ ∈ Ωr

q and η ∈ Ωs
q are

called equivalent in the generalized sense if there exist an integer t, such
that the images (πt,r)∗ρ and (πt,s)∗η belong to the same class Ωt

q/Θ
t
q. In

such a case we write ρ ∼ η.
The situation is simple for 1 ≤ q ≤ n = dimX. Here, we obtain by

definition Ωr
q/Θ

r
q
∼= im h. The classes in Ωr

q/Θ
r
q are represented by elements

of sheaves of differential forms h ρ ∈ Ωr+1
q .

In the case of elements of the sheaves Ωr
q/Θ

r
q, where n+ 1 ≤ q ≤ P , we

apply the results from Chapter IV. To this end, let k = q − n− 1.

Theorem V.11. The interior Euler mapping I : Ωr
n+kW →Ω2r+1

n+k W has
the following properties

(a) The relation I(ρ) ∼ ρ is fulfilled in the generalized sense, meaning
that

(V.25)
(
π2r+1,r

)∗
ρ− I(ρ) ∈ Θ2r+1

k .

(b) The operator I is a projection in the following sense

(V.26) I2 = I ◦
(
π2r+1,r

)∗
.
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(c) The operator I fulfills the relation

(V.27) I ◦ d ◦I ◦ d ρ = 0.

Proof. (a) follows from Theorem IV.2 (see also Remark 7).
(b) We apply the operator I to equation (V.25). Using Lemma IV.3, we
prove that I(η) = 0 for every η ∈ Θ2r+1

n+k : η is of the form η = α + dβ
where α ∈ Ω2r+1

n+k,c and β ∈ Ω2r+1
n+k−1,c. It is evident that I(α) = 0 Moreover,

I(dβ) = 0 by applying Lemma IV.3.
(c)Let η = pk+1 d ρ. Then from Theorem IV.2 we have

pk+1 dpk ρ+ pk+1 dpk+1 ρ = pk+1 d ρ = I(pk+1 dρ) + pk+1 dpk+1 ζ|W .

To this equation we apply first the operator pk+2 d and obtain

0 = pk+2 dpk+1 dpk ρ = pk+2 d I pk+1 d ρ+ pk+2 dpk+1 dpk+1 (ζ|W − ρ) .

The left hand side of this equation vanishes identically and on the right hand
side we obtain

pk+2 dpk+1 dpk+1 (ζ|W − ρ) = −pk+2 dpk+1 dpk+1 (ζ|W − ρ)

and get
pk+2 d I pk+1 d ρ = pk+2 dpk+2 dpk+1 ζ.

Now we once more apply I, use the Lemma IV.3 and obtain

I pk+2 d I pk+1 d ρ = 0.

�

We denote the sheaf morphisms corresponding to h and I by the same letters
and call the morphisms

(V.28) Ωr
q/Θ

r
q 3 [ρ]→

{
h ρ ∈ Ωr+1

q for 1 ≤ q ≤ n,

Iρ ∈ Ω2r+1
q for n+ 1 ≤ q ≤ P

the representation of the variational sequence by sheaves of differential forms.
Consider the diagram in the Figure 2 which depicts variational sequences of
lower order, denoted by full arrows, included into variational sequences of
higher order, denoted by dashed and dotted arrows. The quotient mappings
are denoted by double arrows, the representation morphisms are denoted by
triple arrows. Inclusions are denoted by hooked arrows. Similar diagrams
could be drawn for the horizontalization mapping h. The diagram illustrates
the behavior of the projection operator I with respect to the canonical in-
clusion of lower order variational sequences into higher order variational
sequences.
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Remark 8. There arises the natural question, how to recognize whether
a differential form η ∈ Ωs

qW is a representative. This question is easily
answered, because, in some sense, the representation mappings behave like
projectors (see Remark 3 and Theorem V.11). The form η must therefore
fulfill the condition h η = (πs+1,s)∗η for 1 ≤ q ≤ n resp. Iη = (π2s+1,s)∗η
for n < q ≤ P .

2.5. Examples. We now consider some examples of representatives that
have some meaning in the calculus of variations. to this end, let ρ ∈ Ωr

qW
be a differential q-form expressed in some fibered chart.

– Let ρ ∈ Ωr
nW be a differential n-form. Then [ρ], its class, is rep-

resented by the horizontal form h ρ ∈ Ωr+1
n W which is polynomial

in the coordinates yσJ , |J | = r + 1, as seen from (III.14). These
representatives are customarily called Lagrangians and in local co-
ordinates we have

(V.29) Lρ = h ρ = εi1...in
n∑
s=0

P J1...Js
σ1...σs is+1...in

yσ1
J1i1

· · · yσs
Jsis

ω0.

– Let ρ ∈ Ωr
n+1W be a differential (n + 1)-form. Then [ρ], its class,

is represented by the horizontal form Iρ ∈ Ω2r+1
n+1 W which is poly-

nomial in the coordinates yσJ , |J | ≥ r + 1, as can be seen from
(III.14) and the formula (II.12) for formal derivatives. These rep-
resentatives are called dynamical forms and their local expressions
are

(V.30) Eρ = Iρ =
r∑

|J1|=0

(−1)|J1|εi2...in+1 DJ1(
q∑
s=1

sP J1...Js
σ1...σs is+1...iq

yσ2
J2i2

· · · yσs
Jsis

)
ωσ1 ∧ ω0.

– Let ρ ∈ Ωr
n+2W be a differential (n+2)-form. Then [ρ], its class, is

represented by the horizontal form Iρ ∈ Ω2r+1
n+2 W which is polyno-

mial in the coordinates yσJ , |J | ≥ r+1, as can be seen from (III.14)
and the formula (II.12) for formal derivatives. These representa-
tives are called Helmholtz-Sonin forms and their local expressions
are
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(V.31) Hρ = Iρ = 1
2

2r∑
a=0

[
a∑
b=0

r∑
c=a−b

(−1)c
(
c
a−b
)
εi3...in+2 Dja+1...jb+c(

q∑
s=2

(
s
2

)
P

(j1...jb) (jb+1...jb+c)J3...Js

σ1 σ2 σ3...σs is+1...iq
yσ3
J3i3

· · · yσs
Jsis

)]
ωσ1

(j1...ja) ∧ ω
σ2 ∧ ω0.

We conclude with examples of mappings induced by the variational sequence.
these are precisely the classical mappings known in the calculus of variations.

– Let ρ ∈ Ωr
nW be an n-form. We compute the representative of the

class [d ρ] given by I dh ρ. In local coordinates we obtain by using
(V.29) and (V.30)

(V.32)

I dh ρ =
r∑

|J |=0

(−1)|J | DJ
∂

∂yνJ

[
εi1...in

n∑
s=0

P J1...Js
σ1...σs is+1...in

yσ1
J1i1

· · · yσs
Jsis

]
ων∧ω0.

We see that for a horizontal form λ = Lω0 we recover the Euler-
Lagrange expressions associated with λ

(V.33) I dλ =
r∑

|J |=0

(−1)|J | DJ
∂L

∂yνJ
ων ∧ ω0.

– Let ρ ∈ Ωr
n+1W be an (n+1)-form. The representative of the class

[d ρ] is given by I d ρ.

(V.34) I d Iρ = 1
2

2r∑
a=0

[(
∂Eν

∂yσj1...ja
− (−1)a

∂Eσ

∂yνj1...ja
−

−
r∑

b=a+1

(−1)b
(
b
a

)
Dja+1...jb

∂Eσ

∂yνj1...jb

)
ωσj1...ja

]
∧ ων ∧ ω0,

where the coefficients Eσ are the components of Eρ in the formula
(V.30)

(V.35) Eρ = Eσω
σ ∧ ω0.

We can also consider an arbitrary dynamical form (V.35) as a spe-
cial case and obtain formally identical representatives to (V.34).
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[31] D. Krupka, J. Musilová: Hamilton extremals in higher order mechanics, Arch. Math.
(Brno) 20 (1984), 21–30.

[32] D. Krupka: Regular lagrangians and Lepagean forms, in: Differential Geometry and
its Applications, Proc. Conf., Brno, Czechoslovakia, 1986, D. Krupka, A. Švec, eds.;
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lic.
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